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PAPER

Stochastic Method of Determining Substream Modulation Levels
for MIMO Eigenbeam Space Division Multiplexing

Satoshi TAKAHASHI†∗a), Chang-Jun AHN†, and Hiroshi HARADA†, Members

SUMMARY Multiple-input multiple-output (MIMO) eigenbeam space
division multiplexing that uses adaptive modulations for substreams is a
promising technology for improving transmission capacity. A fundamental
drawback of this approach is that the modulation levels determined from
the carrier-to-noise ratio at each substream are sometimes overly optimistic
so the use of these modulation levels results in transmission errors and di-
minished transmission performance. A novel method of determining sub-
stream modulation levels is proposed that alleviates this degradation. In the
proposed method, the expected bit error rates for possible modulations of
each substream are calculated from delay profiles. Simulation results indi-
cate that transmission capacity is improved by 30% using the new method
compared with the conventional method.
key words: mobile radio propagation, adaptive modulation, multipath en-
vironments, ray tracing, MIMO, E-SDM

1. Introduction

Digital mobile communication systems operating at several
hundreds mega bits per second in multipath environments
require efficient transmission techniques. The multiple-
input multiple-output (MIMO) configuration that uses sev-
eral antennas for transmission and reception to simultane-
ously transmit different channels called substreams at the
same frequency is promising architecture for supporting
higher-bit-rate transmission [1]. Eigenbeam space division
multiplexing (E-SDM) for MIMO transmission applies the
appropriate beams and modulation levels to substreams to
increase capacity while avoiding complexity of cumbersome
interference cancellation [2]. In E-SDM, the receiver detects
the antenna responses among the transmission and recep-
tion antennas, calculates the antenna weights, the expected
carrier-to-noise ratio (CNR), the modulation levels for each
substream, and sends the antenna weights and the modula-
tion levels to the transmitter via a side channel. A func-
tional study on a MIMO eigenbeam communication system
was recently reported [3]. These authors chose their sub-
stream modulations and assigned powers to maximize trans-
mission capacity assuming an additive white Gaussian noise
(AWGN) environment.

It is critically important to know the appropriate mod-
ulation such as bi-phase shift keying (BPSK), quadrature
phase shift keying (QPSK), and 16 quadrature amplitude
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modulation (16QAM) in E-SDM transmission. This is be-
cause there is a direct correlation between the CNR and the
modulation level; the higher the detected CNR of the sub-
stream, the higher the selected modulation level. If a se-
lection of a higher modulation level than needed to achieve
a target bit error rate (BER) is chosen—a condition known
as overloading—this results in transmission errors. But if a
lower modulation level than required is selected, this wastes
transmission capacity. Thus both the underestimation and
other overestimation of the modulation level diminishes the
transmission capacity. Optimum thresholds have been ob-
tained for various modulations under AWGN and target
BER conditions [4]. However, we have recently found that
the use of modulation levels determined from CNRs some-
times results in overloading due to the multipath enhance-
ment characteristics of E-SDM beamforming [5]. One pos-
sible way to predict BERs to obtain the appropriate modu-
lation level is to use equivalent baseband analysis, but this
method is so timeconsuming that it is not practical. An al-
ternative approach that uses a stochastic method to derive
an amplitude probability distribution under a multipath en-
vironment has been proposed [6]. While this previous study
was limited to BERs for BPSK and QPSK, here we describe
a procedure for obtaining BERs for 16QAM and 64QAM,
that we apply to a substream modulation level determina-
tion for MIMO E-SDM transmission.

In this paper we first review the stochastic method
for obtaining the cumulative distribution function (CDF) of
detection-circuit amplitude how this applies to obtain the
BER for higher modulation levels and E-SDM transmission.
Next we show the effects of multipath-induced non-linearity
on data detection performance, and point out how multipath
increases BER than AWGN does. Then, as an alternative
to the conventional CNR-based method, we propose a novel
method of determining substream modulation levels by cal-
culating BERs for potential modulations, and evaluate the
performance of this new approach comparing it to the con-
ventional method. We conclude the paper with a brief sum-
mary.

2. MIMO Transmission Performance in Multipath En-
vironments

2.1 Bit Error Rate for Multi-Level Modulations

To obtain the appropriate modulation levels, here we re-
view the derivation of the BER of Gray-coded 16QAM with

Copyright c© 2006 The Institute of Electronics, Information and Communication Engineers
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Fig. 1 The first quadrant of the 16QAM signal constellation.

multipath-induced non-linearity as an example. Since the
symbol detection error characteristics are symmetric with
respect to the abscissa, ordinate, and origin, we use the first
quadrant of the 16QAM signal constellation illustrated in
Fig. 1. In the figure, δ is the symbol decision level and we
can rewrite using the maximum signal-constellation ampli-
tude A as δ = A

√
2/3 from the geometry. Here we define the

notations PDF(E|Esym) and CDF(E|Esym) that express the
probability density function and the cumulative distribution
function of the amplitude of E when the signal amplitude is
multiplied by Esym, and the multipath-induced non-linearity
is assumed to reflect the functions. The probability that a
symbol S 0 is decoded correctly is [7]
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where C is the average power and we can see the relation-
ship C = 5A2/18 by considering the power of all possi-
ble symbols. The probabilities that a symbol S 1 is decoded
correctly and that a symbol S 2 is decoded correctly are the
same,
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The probability that a symbol S 3 is decoded correctly is

Pc3 =
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The probabilities Pc0, Pc1(= Pc2), and Pc3 differ from each
other, and the average symbol error rate can be expressed as:

Pe = 1 − 1
4

3∑
i=0

Pci (4)

For a small BER, say 10−2, the approximation Pe = 1− (1−
BER16QAM)4 ≈ 4 BER16QAM is established, and therefore

BER16QAM ≈ Pe/4 =
1
4

{
1 − 1

4

3∑
i=0

Pci

}
. (5)

The BER for 64QAM can also be obtained in the same man-
ner.

For an additive white Gaussian noise (AWGN) envi-
ronment, substituting the Gaussian CDFs

CDF
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into Eqs. (1)–(5), and we obtain the well-known approxima-
tion equation of 16QAM BER:

BER16QAM ≈ 3
8

erfc

(
C/σ2

10

)
, (8)

where erfc(·) is the complementary error function.

2.2 Amplitude Probability Distribution

A stochastic method for quickly estimating the average
transmission performance in an multipath environment has
been proposed to obtain BER as well as amplitude probabil-
ity distribution in multipath environments [6]. This method
derives the amplitude distribution at the decision-circuit in-
put from only the amplitudes of the impulse responses. The
amplitude distribution is calculated from superpositions of
random variables of (1) receiver noise, (2) undesired waves
(waves that have excess delays greater than the symbol du-
ration, the number of undesired waves is NU, 0 ≤ NU), and
(3) desired waves (waves that have excess delays not greater
than the symbol duration, the number of desired waves is
ND, 1 ≤ ND). The amplitude distribution is calculated from
superpositions of random variables in the decision-circuit
model shown in Fig. 2. The probability density of the re-
ceiver noise observes a Gaussian distribution. A random
variable of an undesired wave is expressed as that of a sinu-
soidal wave†. A random variable of a desired wave is ap-
proximated as the envelope random variable of a sinusoidal
wave in order to estimate the additive and destructive poten-
tial of desired-wave interferences [6].

The characteristic function method is used to describe
the amplitude distribution of the decision-circuit. This is a

†The contribution of an undesired wave is the projection on
the in-phase (or the quadrature) amplitude of constellation with the
signal amplitude and a stochastically uniform distribution phase.
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Fig. 2 Decision circuit model.

technique for obtaining the probability density function of
the sum of random variables by using the conjugate Fourier
transform, and it converts probability-density convolutions
into the characteristic-function multiplications. An inverse
Fourier series expansion is used to efficiently obtain the cu-
mulative distribution on a computer. The probability density
function PDF(E) and the cumulative distribution function
CDF(E) are expressed as
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where R is the estimated maximum amplitude at the
decision-circuit and is defined here by R = Σ uk+Σ dl+10σ,
uk (k = 1, 2, . . . ,NU) are the amplitudes of the undesired
waves, dl (l = 1, 2, . . . ,ND) are the amplitudes of the de-
sired waves, σ2 is the receiver-noise power, andΦeven(·) and
Φodd(·) are the even and odd functions of the resulting char-
acteristic function. They are expressed as
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where J0(·) and J1(·) are the zeroth- and first-order Bessel
functions of the first kind, γm are the m-th roots of J0(·),
and Cn,m and S n,m are constants with respect to the integer
subscripts n and m:

Cn,m =

∫ 1

0
x J0(γm x) cos(n π x) dx, (13)

S n,m =

∫ 1

0
x J0(γm x) sin(n π x) dx. (14)

For ND = 1, following characteristic functions are used
instead of Eqs. (11) and (12), obtained from the inverse
Fourier transform of the delta function, so as to not diverge
from the third-term series in the equations:
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The BER of BPSK is the probability that the amplitude
E is below zero, and is obtained by substituting E = 0 into
Eq. (10) as

BERBPSK =
1
2
+

2 j
π
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1
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)
. (17)

PDF(E|Esym) and CDF(E|Esym) are obtained by multi-
plying all dl and uk by Esym. For example, the BER of QPSK
can be expressed as

BERQPSK = CDF

(
0

∣∣∣∣∣∣
A√
2

)
, (18)

since the constellations of QPSK signals are normalized by
(±A/

√
2, ±A/

√
2).

2.3 E-SDM Transmission

Figure 3 shows a schematic overview of E-SDM transmis-
sion. The E-SDM transmission system shown in Fig. 3(a)



TAKAHASHI et al.: STOCHASTIC DETERMINATION OF MIMO E-SDM SUBSTREAM MODULATION LEVELS
145

Fig. 3 E-SDM transmission: (a) concept and (b) antenna weight deter-
mination.

transmits the substreams, say, s1, s2, . . . in mutually differ-
ent directions and receives these substreams. The E-SDM
beamforming adjusts the transmission and reception antenna
weights so that the 1st eigenbeam between s1 and r1 (the 1st
substream) achieves the maximum combined ratio. Other
eigenbeams orthogonal to the 1st eigenbeam are also formed
within the degree of freedom of the array, although the sub-
stream gain diminishes as the eigenbeam number increases.

The derivation of the optimum antenna weights is pos-
sible by using the singular value decomposition of the chan-
nel response matrix whose elements represent the complex
amplitudes of all combinations among the transmission and
reception antennas at the operating frequency. Here we use
the channel model shown in Fig. 3(b), and the E-SDM eigen-
beam transmission assuming nt transmission antennas and
nr reception antennas. Transmission array output x is ex-
pressed as

x = wt s,

where s shows the independent substreams s1, s2, . . . , snt and
wt ∈ Cnt×nt is the transmission antenna weights matrix in
which k-th row expresses the weights for substream k. The
reception array input y is

y = H x,

where H ∈ Cnr×nt is the complex channel response matrix.
The reception output r (= [r1, r2, . . . , rnr ]

T) is

r = wr y = wr H wt s + n, (19)

where wr ∈ Cnr×nr is the reception array weights matrix,
and n is the receiver noise. Then we perform the singular
value decomposition H = U ΣVH, where U ∈ Cnr×nr and
V ∈ Cnt×nt are the left- and right singular value matrices and
they are unitary matrices. Σ ∈ Cn×n[n = min(nt, nr)] is the
singular value matrix and is the diagonal matrix whose ele-
ments λ1, λ2, . . . , λn are associated with the substream am-
plitude gains of

√
λ1,
√
λ2, . . . ,

√
λn ∈ R, and H expresses

a Hermitian operation. Here we know the number of the
substreams is at most n since the degree of freedom in the
channel is less or equal to n. A unitary matrix Q ∈ Cn×n has
the relationship of QH Q = Q QH = I (I is the unity matrix),
so if we substitute wt and wr for V and UH, Eq. (19) can be
rewritten as

r = UH U ΣVH V s + n = Σ s + n. (20)

Equation (20) reveals that the orthogonal transmission with
substream gains of

√
λ1,
√
λ2, . . . ,

√
λn can be made by the

eigenbeams.
The k (= 1, 2, . . . , n)-th transmission array response

Dt(θ, φ, k) is expressed as

Dt(θ, φ, k) = wH
t (k) P(θ, φ), (21)

where wH
t (k) is the transmission antenna weights for sub-

stream k and is the k-th row extraction of wH
t , and P(θ, φ) is

the array propagation vector defined by

P(θ, φ) = exp

{
j

2π
λ
vT L(θ, φ)

}
, (22)

where v is the antenna location matrix with respect to the
origin, λ is the wavelength, and L(θ, φ) is the look direction
vector defined by

L(θ, φ) =


cos θ cosφ
sin θ cosφ

sin φ

 . (23)

The reception array response Dr(θ, φ, k) can also be ob-
tained.

3. Amplitude Probability Distribution and Bit Error
Rate in Multipath Environments

It is generally assumed that BER of multi-level modulations
can be predicted from the amplitude probability distribution
characteristics in multipath environments. For example, var-
ious studies (such as [4]) assume that PDF and CDF for nor-
malized amplitude where there is one desired wave (power
is −80 dB) and AWGN (average power is −100 dB) can be
calculated using Eqs. (9), (10), (15), and (16) and as plot-
ted in Fig. 4. The PDFs for symbols S 0 and S 3 shown in
Fig. 1 are the same. This means the probability that symbol
S 0 is received correctly (Pc0) is smaller than the probability
that symbol S 3 is received correctly (Pc3), and the limita-
tion of the symbol detection amplitude between 0 and δ is
the source of the probability difference.

On the other hand, PDF and CDF in a simple multipath
environment are calculated using Eqs. (9)–(12) to reveal the
effect of multipath-induced non-linearity on the symbol de-
tection. The existence of one desired wave, one undesired
wave, and AWGN are assumed, and the amplitudes are nor-
malized by the average symbol power. This is illustrated
in Fig. 5. The results show that the undesired wave causes
the desired signal to fluctuate as the level of the desired sig-
nal increases. It should be noted that the fluctuation width



146
IEICE TRANS. COMMUN., VOL.E89–B, NO.1 JANUARY 2006

Fig. 4 Estimated PDF and CDF for normalized amplitude where there
are one desired wave (power is −80 dB) and AWGN (average power is
−100 dB).

Fig. 5 Estimated PDF and CDF for normalized 16QAM amplitude
where there are one desired wave (power is −80 dB), one undesired wave
(power is −86 dB), and AWGN (average power is −100 dB).

of symbol S 0 is different from that of symbol S 3, and the
multipath-induced non-linearity enlarges the amplitude fluc-
tuation as the signal amplitude increases. Consequently, Pc0

is larger than Pc3. This result suggests that a higher CNR
does not always provide a lower BER for multilevel mod-
ulations because of the multipath-induced non-linearity and
that the CNR-based determination of adaptive modulation is
sometimes optimistic.

The PDF and CDF for normalized amplitude where
there are two desired waves (powers are −80 dB and
−86 dB) and AWGN (average power is −100 dB) are shown
in Fig. 6 for different condition evaluations. The condition
corresponds to fast fading environments where the sym-
bol fluctuates symbol-by-symbol due to the interference be-
tween the two desired waves. On the other hand, in general,
the symbol rate is shorter than the symbol-by-symbol fluctu-
ation. The two desired waves are assumed to degenerate to
one desired signal that has the power of their average pow-
ers, because of the perfect automatic gain control (AGC),

Fig. 6 Estimated PDF and CDF for normalized amplitude where there
are two desired waves (powers are −80 dB and −86 dB) and AWGN (aver-
age power is −100 dB) in a fast fading environment.

Fig. 7 Estimated PDF and CDF for normalized amplitude where there
are two desired waves (powers are −80 dB and −86 dB) and AWGN (aver-
age power is −100 dB) in a slow fading environment.

and the PDF and CDF are plotted in Fig. 7. The average
power d2 is obtained by d2 = d2

1 + d2
2, where d1 and d2 are

the desired wave amplitudes [8]. The results indicate that
the signal variations of the different symbols are almost the
same.

Site-dependence of the BER for various modulations is
evaluated using the example outdoor layout shown in Fig. 8.
Three-dimensional ray tracing is used to obtain realistic
impulse responses and to estimate multipath-induced non-
linearity in a realistic setting. Vertically-polarized dipole
antennas are assumed for both the transmission and recep-
tion. Up to 2 reflections are evaluated in the ray tracing. The
rms delay spread was 159 ns, and stational condition was as-
sumed in the evaluation. The results are shown in Fig. 9, and
indicate that a higher modulation level increases the BER. In
the evaluation, a 1-Msymbol/s transmission is assumed as an
example. The introduction of the stochastic method to the
multi-level modulation formulation enables us to predict the
BER as well as quantitatively compare symbols in multipath
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Fig. 8 Sample outdoor layout.

Fig. 9 Site dependence of estimated BER for various modulations.

environments.

4. Stochastic Determination of Modulation Levels in E-
SDM Transmission

In order to estimate the multipath-induced non-linearity,
BERs for various modulations are obtained using Eqs. (10)–
(18) and (5), and the lowest modulation level that meets the
target BER is selected.

The outdoor layout depicted in Fig. 8 is used to show
the effectiveness of the proposed method. A frequency
of 3.35 GHz and four 1-m high half-wavelength-spacing,
vertically-polarized dipole antennas for both transmission
and reception are assumed, and the transmission and recep-
tion arrays are set up to along the road.

For each reception antenna location, ray tracing is per-
formed to pick up direct, reflected, penetrated, and diffracted

Fig. 10 Examples of eigenbeam array responses: 1st eigenbeam for
transmission (a) and reception (b), and 2nd eigenbeam for transmission
(c) and reception (d).

radiowave paths between the transmission and reception an-
tennas. The total number of reflections and penetrations
is limited to 5, and the number of diffraction is 1. The
complex amplitudes of these paths are then calculated at
the operating frequency. The amplitude of each reflection
or penetration path is calculated using Fresnel’s equation,
and the amplitude of the diffraction path is obtained from
the uniform theory of diffraction (UTD) assuming a perfect
conducting surface near the diffraction point [9]. Due to
the transmission and reception antenna directivity, all am-
plitudes are then attenuated according to the ray directions
at the transmission and reception antennas. After that, the
amplitudes are summed up to obtain the channel response.
These procedures are repeated for all combinations of trans-
mission and reception antennas to fill all elements of H, then
a singular value decomposition is performed to derive the
array weights matrices wt and wr, and the array responses
Dt(θ, φ, k) and Dr(θ, φ, k) are calculated using Eq. (21).
Here we assumed that the transmitter received wt (or H) via
the side channel without errors as shown in Fig. 3(a). The re-
ceiver noise is set to zero since our concern here is the effects
in multipath environments. After obtaining the array re-
sponses, the impulse responses on substreams are obtained
by ray tracing with the equivalent single-antenna (single-
input single-output: SISO) transmission with the transmis-
sion and reception points at the centers of the antenna arrays.
The impulse responses on the substream are then modified
by the multiplication of the directivity of the array responses
at the transmission and reception antennas. Examples of the
transmission array response |Dt(θ, φ, k)|φ=0 and the recep-
tion array response |Dr(θ, φ, k)|φ=0 for the first- and second
eigenbeams are shown in Fig. 10. In a multipath environ-
ment, the instant path gain fluctuates as the reception anten-
nas move. In this paper, the path gain obtained from the sum
of absolute path amplitude (absolute sum) is used to remove
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Fig. 11 Site dependence of selected modulation level indexes (MLIs)
and BERs for each substream: (a) proposed and (b) conventional methods.

fluctuations that are extraneous to the site-dependent radio
propagation.

Distance dependence of the BER as well as the selected
modulation level index (MLI) are shown in Fig. 11. The ray
tracing procedure was repeated to obtain H, then the singu-
lar value decomposition was performed to derive V and U.
After that, the transmission and reception array responses
were calculated, the resultant impulse responses for each
substream were obtained using the array responses, and the
BERs for various modulations were calculated. These pro-
cedures were repeated as the reception antennas move along

Fig. 12 The relationship between the determined MLIs and the BERs of
the 1st and 4th substreams: (a) proposed and (b) conventional methods.

the measurement course shown in Fig. 8. A target BER
of 10−3 was assumed. In the conventional method, CNR
thresholds for BPSK, QPSK, 16QAM, and 64QAM were
set to 6.8 dB, 9.8 dB, 16.5 dB, and 22.5 dB. These thresh-
olds were obtained assuming AWGN transmission channel.
Though it was possible to derive thresholds by regarding
the performance degradation effect due to multipath as noise
added to AWGN, the degradation effect was site-dependent
and was not determined uniquely. On the other hand, the
proposed method reflected the site-dependence degradation.
The BER of the proposed method and that of the conven-
tional method are shown in Figs. 11(a) and (b), respectively.
The conventional method is not always able to satisfy the
target BER of 10−3 due to the optimistic MLIs. On the other
hand, the BER of the proposed method is less than or equal
to the target BER. The relationship between the determined
MLIs and the BERs for the 1st and 4th substreams is shown
in Fig. 12 to know determination trends of the modulation
levels of the proposed and conventional methods. In the fig-
ures, the conventional method sometimes selected modula-
tion levels higher than needed to achieve the target BER, and
the proposed method made use of lower modulation levels
to do. In conventional method, most of conditions when the
MLI was selected to 6 satisfied the target BER. This is be-
cause multipath degradation was small where the high CNR
locations in this example. Distance dependence of transmis-
sion bits is illustrated in Fig. 13. In the figure, the number
of transmitted bit per symbol was set to zero if the BER did
not satisfy the target BER. The proposed method transmit-
ted more bits than the conventional method did. In these
simulations, there were 205 evaluation points for the entire
range. The conventional method obtained successful trans-
mission at 1,000 bit/symbol, while the proposed method
achieved successful transmission at 1,304 bit/symbol. In
other words, based on this assessment, the proposed method
yielded a 30% improvement in performance over the con-
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Fig. 13 Distance dependence of transmission rate.

ventional method.

5. Conclusion

This paper proposed a novel method of determining sub-
stream modulation levels that helps alleviate degradation
of transmission performance associated with other conven-
tional methods. The cumulative amplitude distribution of a
substream was obtained from the estimated substream de-
lay profile and the amplitude distribution at the detector by
using the characteristic function method. The amplitude dis-
tribution is derived from the probability density functions of
(1) receiver noise, (2) intersymbol interferences, and (3) in-
terference by radiowaves whose delays are within the sym-
bol duration. Substream modulation levels can be obtained
from closed-form equations by applying series expansion
and by integrating these series.

Transmission performances were compared assuming
site-dependent impulse responses obtained by ray tracing on
a typical outdoor layout. These simulation results revealed
that the proposed modulation level determination method
improved the transmission capacity by 30% compared with
the conventional method.
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