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Abstract—We introduce novel dissimilarity into a probabilistic clustering task to properly measure dissimilarity among multiple clusters

when each cluster is characterized by a subpopulation in the mixture model. This measure of dissimilarity is called redundancy-based

dissimilarity among probability distributions. From aspects of both source coding and a statistical hypothesis test, we shed light on

several of the theoretical reasons for the redundancy-based dissimilarity among probability distributions being a reasonable measure of

dissimilarity among clusters. We also elucidate a principle in common for the measures of redundancy-based dissimilarity and Ward’s

method in terms of hierarchical clustering criteria. Moreover, we show several related theorems that are significant for clustering tasks. In

the experiments, properties of the measure of redundancy-based dissimilarity are examined in comparison with several other measures.

Index Terms—Clustering, mixture model, dissimilarity measure, information theory, Ward’s method.

Ç

1 INTRODUCTION

DISSIMILARITY among multiple clusters, whichis sometimes
referred to as the clustering evaluation function (CEF) or

clustering criteria [1], [2], [3], [4, Chapter 10], is a fundamental
measure to evaluate how different clusters are in clustering
tasks and classification [5], [6], [7]. A cluster means a group of
samples that obey the same probabilistic law. If the measure of
dissimilarity or similarity is well defined, it is useful for
effectively constructing clusters from samples without a
supervisor [8], [9], [10]. Some effective applications based on
dissimilarity (or similarity) have recently been studied. For
example, in preprocessing of high-dimensional data [11],
edge detection in image processing [12], string matching in
text processing [13], and shape clustering in shape analysis
[14]. The aims of this paper are to derive a novel measure of
dissimilarity among multiple clusters when each cluster is
characterized by a subpopulation in the mixture model, as
well as to elucidate its theory and effectiveness in hierarchical
clustering for clusters. Accordingly, our dissimilarity mea-
sure is one of the probabilistic-dependent measures. How-
ever, it is different from numerical ones such as the euclidean
distance, which are often used in clustering methods of the
K-Means [15], [16] and variance-maximization [17] types. In
this paper, we formulate a clustering task from a probabilistic
point of view, and we then introduce a novel measure of
dissimilarity called the redundancy-based dissimilarity. The
measures of redundancy-based dissimilarity are defined for
samples and for probability distributions (PDs). They are
connected through an asymptotic law that states that the
redundancy-based dissimilarity among samples (RDSS)

asymptotically coincides with the redundancy-based dissim-
ilarity among PDs (RDSP). From aspects of both source coding
and a statistical hypothesis test, we shed light on several of the
theoretical reasons for the RDSP being a reasonable measure
of dissimilarity among clusters. These clarifying reasons
could play a role as a guide for practical applications,
especially in selecting an appropriate measure in a clustering
task. We also elucidate a principle in common for the
measures of the RDSP and Ward’s method in terms of
hierarchical clustering criteria. Moreover, we show several
related theorems that are significant for clustering tasks and
then in several experiments examine the relationship between
the two measures. The experimental results also show the
effectiveness of the RDSP in identifying the underlying
hierarchical structure of clusters and compare this to several
other measures.

The organization of this paper is given as follows: In
Section 2, we present some notations and describe the
definitions of the RDSS and RDSP. We show the theory of
the RDSP and the experimental results in Section 3 and
Section 4, respectively. Finally, some conclusions are de-
scribed in Section 5.

2 PRELIMINARIES

Without loss of generality, we formulate the probability
model of the population shown in Fig. 1. The population of
samples consists of M different subpopulations and each
subpopulation has a prior probability. It is often called the
mixture model. In the mixture model, the probabilistic law of
the population varies at each time step according to a prior
probability for the choice of a subpopulation. At each time
step, one of the subpopulations is independently chosen with
the prior probability, and then it generates a sample
(observation) according to the underlying structure of the
subpopulation characterized by a PD. To facilitate its
exposition, we number the subpopulations by what we call
the label number. The label number of each sample indicates
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the subpopulation from which it was generated. In general,

the label number of each sample is unknown. We use X to

express a stochastic variable (SV) over an arbitrary sample

space X and use Xi to denote X at the time step i 2 IN. Let

L ¼� f1; . . . ;Mg be the entire set of label numbers. LetPðLÞ be

the set of the probability density functions (PDFs) of the

subpopulation, that is

PðLÞ ¼� Pmjm 2 Lf g; ð1Þ

where Pm denotes the PDF of the subpopulation m over X .
If the label number of a sample x 2 X is m 2 L, then
henceforth, we express this by x � Pm. For every time step i
and every m 2 L, we define the prior probability as

!ðmÞ ¼� Pr Xi � Pmð Þ: ð2Þ

This implies that a subpopulation of the population is chosen
at each time step to generate each sample independently and
according to its prior probability!. For simplicity, we assume
that !ðmÞ > 0 for everym 2 L. Throughout this paper, this is
an underlying assumption. Hence, it always satisfiesX

m2L
!ðmÞ ¼ 1: ð3Þ

For any positive number n, let XXn ¼ ðX1; X2; . . . ; XnÞ be SVs
of the population. This is sometimes written as XX for
brevity when we do not need to indicate n explicitly. The
expected value of any function yðxÞ over X with respect to
Pm is denoted by

EPm ½yðxÞ� ¼
�
Z
x2X

PmðxÞyðxÞ dx; ð4Þ

for every m 2 L. We use IC to denote an indicator function
such that for any condition C

IC ¼
1; if C is true
0; otherwise:

�
ð5Þ

Fig. 1 draws the mixture model of the population treated in
the clustering task, and Table 1 summarizes the main
symbols used throughout this paper.

2.1 Redundancy-Based Dissimilarity

We propose novel measures for hierarchical clustering
criteria, which we call the redundancy-based dissimilarity
in this paper. The measures are so called because they are
closely related to an information-theoretic redundancy of
codeword length, as is discussed in Section 3.2. They are
defined as dissimilarity among samples and among PDs.

Definition 1 (RDSS). For any subsetL � L, when each samplexi
obeys one element of PðLÞ, we define the squared dissimilarity
measure among multiple samples, ðx1; . . . ; xnÞ 2 Xn, where
n ¼

P
m2L

Pn
i¼1 Ixi�Pm holds, as

rdsPðLÞðx1; . . . ; xnÞ
n o2

¼�
X
m2L

Xn
i¼1

Ixi�Pm log
PmðxiÞ
QLðxiÞ

�����
�����; ð6Þ

where for any x 2 X , the PDF QL is

QLðxÞ ¼�
X
m2L

�LðmÞPmðxÞ; ð7Þ

where �LðmÞ is a normalized probability defined by

�LðmÞ ¼�
!ðmÞP
m2L !ðmÞ

: ð8Þ

This rdsPðLÞðx1; . . . ; xnÞ is referred to as RDSS.

Note that for any label number m 2 L, the sum
Pn

i¼1 Ixi�Pm
means the number of samples whose label number is m,
because the indicator function Ixi�Pm becomes one if the
label number of xi is m, zero otherwise.

Definition 2 (RDSP). For any subset L � L, we define the
squared dissimilarity measure among multiple PDFs PðLÞ as

RDSðPðLÞÞf g2¼�
X
m2L

�LðmÞDðPmkQLÞ; ð9Þ

where �L is defined in (8), and DðPmkQLÞ denotes the
information divergence given by

DðPmkQLÞ ¼ EPm log
PmðxÞ
QLðxÞ

" #
; ð10Þ

where the PDF QL is defined in (7). This RDSðPðLÞÞ is
referred to as RDSP.

Note that the value of RDSðPðLÞÞ vanishes if and only if all
the PDFs in PðLÞ are equal. To put the RDSP more
concretely, we describe the squared RDSP on the Gaussian
mixture model in Appendix A.1, which can be found at
http://computer.org/tpami/archives.htm. The RDSS and
the RDSP correspond to special measures in probabilistic-
dependent dissimilarity measures [4, Appendix A]. We
leave the details to Appendix B, which can be found at
http://computer.org/tpami/archives.htm.
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Fig. 1. The mixture model.

TABLE 1
Main Symbols
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Remark 1 (Metric RDSP). It is well known that when jLj ¼ 2,
for any m 2 L and m0 2 L, the distance RDSðPm; Pm0 Þ is a
metric between Pm and Pm0 , as had been demonstrated in
[18], [19], [20]. In addition, when jLj ¼ 2, for anym 2 Land
m0 2 L, the distance rdsPm;Pm0 ðx1; . . . ; xnÞ is an asymptotic
metric, because it satisfies

1

n
rdsPm;Pm0 ðx1; . . . ; xnÞ
� �2! RDSðPm; Pm0 Þf g2 ð11Þ

in probability as n!1. We will show that this is a
special instance of Theorem 2.

Remark 2 (Bayesian and predictive versions). Since (6) is
available only when the label number of each sample is
known, considering the case when the label number of
each sample is unknown is meaningful in practice. Here,
we introduce two effective RDSSs based on Bayesian and
predictive estimations (see [21, Chapter 2], for example),
available in such cases. In a Bayesian version of the RDSS
for any subset L � L, (6) is rewritten as

crdsPðLÞðx1; . . . ; xnÞ
n o2

¼
Xn
i¼1

log
P iðxiÞ
QLðxiÞ

�����
�����; ð12Þ

where the function  i is, for i ¼ 1; . . . ; n

 i ¼ arg max
m2L

!ðmÞPmðxiÞ: ð13Þ

In a predictive version of the RDSS for any subset L � L,
it is also rewritten as

frdsPðLÞðx1; . . . ; xnÞ
n o2

¼
X
m2L

Xn
i¼1

�LðmÞ log
PmðxiÞ
QLðxiÞ

�����
�����: ð14Þ

Note that they do not need the label number of each
sample, because unlike (6) they do not have the indicator
function Ixi�Pm .

3 THE THEORY OF REDUNDANCY-BASED

DISSIMILARITY

The purpose of this section is to describe a theoretical
justification of our measures that have been proposed in the
previous section. We introduce viewpoints of source coding
and a statistical hypothesis test that serve for the purpose. The
viewpoints have been established for the analysis of
probabilistic systems in the fields of information theory and
statistics (see [22, Chapter 12], for example). In Section 3.1, we
consider an appropriate measure of dissimilarity among
multiple clusters in terms of Sanov’s Theorem, when each
cluster is characterized by a subpopulation in the mixture
model. From aspects of both source coding and a statistical
hypothesis test, we explain that the RDSP is a reasonable
measure of dissimilarity among clusters in Sections 3.2 and
3.3. In Section 3.4, we elucidate a principle in common for the
measures of the RDSP and Ward’s method. Several theorems
are summarized in Section 3.5.

3.1 Sanov’s Theorem in the Mixture Model

First, we focus on any two subpopulationsm 2 L andm0 2 L
in the mixture model shown in Fig. 1. This is for simplicity of
development, and the discussion below holds even if we deal
with more than two subpopulations. When clusters are

characterized by subpopulations, a popular and straightfor-
ward way for measuring dissimilarity between the two
clusters is to apply information divergence defined as, for
any m, m0 2 L

DðPmkPm0 Þ ¼ EPm log
PmðxÞ
Pm0 ðxÞ

� �
; ð15Þ

where Pm and Pm0 denote the PDFs of the subpopulation m
and the subpopulation m0, respectively.1 For example, see
[23]. This means that dissimilarity between the two clusters
is measured by the information divergence. In many cases,
it is estimated from the difference of empirical distributions
between the two sequences of samples classified into the
two clusters, where one sequence is generated from the
subpopulation m, and the other is generated from the
subpopulation m0. The difference of the empirical distribu-
tions becomes the difference between their PDFs as n!1.
In such cases, from a probabilistic point of view, the
justification of applying DðPmkPm0 Þ as a dissimilarity
measure in clustering tasks might be based on Theorem 1,
which is a variant of Sanov’s theorem. For the original
Sanov’s theorem, see [24] or [25, Chapter 6.2].

Theorem 1 (Clustering task version of Sanov’s theorem).
LetXX ¼ ðX1; X2; . . .Þ be SVs of a population, in which each SV
is drawn independently according to an identical PDF Pm0 over
X . LetMðXÞ be the set of all possible PDs over Polish space X .
For any subset X � X , define an empirical PD inMðXÞ as

RnðXÞ ¼�
1

n

Xn
i¼1

IXi2X ; ð16Þ

where Xi � Pm0 holds for i ¼ 1; . . . ; n. Also, for any subset
X � X , define a PD in MðXÞ as

RðXÞ ¼� Pr Xi 2 XjXi � Pm0ð Þ ð17Þ

¼
Z
x2X

Pm0 ðxÞ dx: ð18Þ

It holds that RnðXÞ ! RðXÞ in probability as n!1. Then,
for any PD S inMðXÞ, the empirical PD Rn satisfies the large
deviation principle whose rate function is given by

UðS jRÞ ¼
R
X dSðXÞ log

dSðXÞ
dRðXÞ ; if g ¼ dS

dR exists;

1; otherwise;

(
ð19Þ

where g represents Radon-Nikodym derivative of S with
respect to R. Also, the empirical PD RnðXÞ asymptotically
goes away from

SðXÞ ¼ Pr Xi 2 XjXi � Pmð Þ; ð20Þ

¼
Z
x2X

PmðxÞ dx ð21Þ

and the asymptotic speed with respect to n is described as

lim
n!1

1

n
log Pr Rn ¼ Sð Þ ¼ �UðS jRÞ; ð22Þ

¼ �DðPmkPm0 Þ: ð23Þ
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DðPm0 kPmÞ, but it still does not satisfy the triangle inequality.
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Remark 3 (Polish space and Radon-Nikodym derivative).
Briefly, Polish space is a complete separable metric space.
A probability measure on Polish space has convenient
properties to easily handle Borel probability measures [25,
Appendices B.3 and C]. Radon-Nikodym derivative is
described as the derivative of a probability measure with
respect to a probability measure. Equation (19) represents
the expected value of log g with respect to Pm if the
derivative g exists, in other words, if dSðXÞ ¼ 0 holds
whenever dRðXÞ ¼ 0 holds.

Theorem 1 states that under the probabilistic law given
by Pm0 , the probability of all sequences of samples that obey
the other law given by dS ¼ Pm vanishes exponentially with
n. In addition, the vanishing speed depends on DðPmkPm0 Þ
in the exponent. Hence, information divergence does not
simply express some difference between two PDs. Also,
applying DðPmkPm0 Þ as a dissimilarity measure among two
clusters is indeed reasonable, but only when the population
of samples is drawn according to an identical PDF Pm0 , that
is, when the population consists of a single subpopulation.
However, at least in the mixture model, it is not reasonable,
because the population in the mixture model consists of
multiple subpopulations. Accordingly, this raises the ques-
tion of what dissimilarity measure we should employ in the
mixture model. In fact, the RDSP in Definition 2 gives quite
a reasonable answer to the question, because the RDSP
regards the multiple PDFs PðLÞ as one merged PDF QL
such that the population is intuitively drawn according to
an identical PDF QL (see Fig. 2). We precisely examine the
difference of dissimilarity between the squared RDSP and
straightforwardly applying DðPmkPm0 Þ in Theorem 3.

3.2 Source Coding

In Fig. 1, the probabilistic law of the population varies at
each time step according to a prior probability ! for the
choice of a subpopulation. Such a sample source is called an
arbitrarily varying source [21, Chapter 3] in information
theory. For brevity, we employ

xxn ¼� x1; . . . ; xn ð24Þ

to denote a sequence of n samples from the information
source. Suppose that a sequence xxn is observed from the
information sourceXX but the label number of each sample xi
in the sequence is unknown. When we use a predictive
estimation to describe the information source (For the

predictive estimation, see Remark 2), for any subset L � L,
the merged PDF of the information source is described as

QLðxiÞ ¼
X
m2L

�LðmÞPmðxiÞ; ð25Þ

where �L is defined in (8). This is exactly equal to (7).
Clearly, the redundancy caused by the label numbers being
unknown is always non-negative

redundancy ¼ HðQLÞ �
X
m2L

�LðmÞHðPmÞ � 0; ð26Þ

where the entropies are

HðQLÞ ¼ �EQL logQLðxÞ
� 	

; ð27Þ

HðPmÞ ¼ �EPm logPmðxÞ½ � for every m 2 L: ð28Þ

In (26), the first term exhibits the entropy of a merged PDFQL
and the second term also exhibits the entropy of different
PDFs in PðLÞ. The second term is the limit of the achievable
coding rate when the label number of each sample is known.
The redundancy states that if all the PDFs in PðLÞ are equal,
then it vanishes and, hence, we can regard the different PDFs
as the merged PDF. When each cluster is characterized by a
subpopulation, the redundancy gives an important meaning
to the RDSP as a measure of dissimilarity among clusters,
because for a given PðLÞ and QL

redundancy ¼ HðQLÞ �
X
m2L

�LðmÞHðPmÞ; ð29Þ

¼ RDSðPðLÞÞf g2: ð30Þ

The RDSP is so called for this reason. Therefore, the RDSP is
a reasonable measure of dissimilarity among clusters, since
it stands for the theoretical bound of the amount of
information loss involved in regarding different subpopu-
lations as a merged population.

3.3 The Statistical Hypothesis Test

We again consider the population of samples that is shown
in Fig. 1. Recall that the merged PDF is described as (25). If
we observe a sequence xxn from the population and know
the label number of each sample xi, then according to the
label number, we divide xxn into subsequences

xxðmÞjm 2 L
n o

; ð31Þ

where each subsequence is, for every m 2 L

xxðmÞ ¼� xi 2 Xjxi � Pm; i ¼ 1; . . . ; nf g: ð32Þ

The subsequence xxðmÞ means the cluster (sample group) of
the subpopulation m. Clearly, it satisfies

jxxðmÞj ¼
Xn
i¼1

Ixi�Pm: ð33Þ

For notational convenience, hereafter, we let nm ¼ jxxðmÞj.
Hence, the following is satisfiedX

m2L
nm ¼ n: ð34Þ

To measure dissimilarity among clusters, for a given n,
PðLÞ, and QL, we reason which hypothesis is better: One is
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Fig. 2. PðLÞ depicted as a merged PDF QL, where L ¼ L.
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to regard xxn as an output from a merged PDF QL and the
other is to regard it as an output from different PDFs in
PðLÞ. Accordingly, we take the corresponding two hypoth-
eses designated by

H0 : xxðmÞ � QL for every m 2 L;
H1 : xxðmÞ � Pm for every m 2 L;

ð35Þ

respectively. We are now interested in acceptingH1, since it is
indeed true in the mixture model. In fact, it is easy to construct
a test for increasing the probability that H1 is accepted, but it
simultaneously increases the probability of error in the test.
For any test �, let ��ðxxðmÞÞ be the probability of the power so
that the test � acceptsH1 successfully whenH1 is true. On the
other hand, let ��ðxxðmÞÞ be the probability of the error so that
the test � incorrectly accepts H1 when H0 is true. Needless to
say, the result of the test depends on n, PðLÞ, and QL. From
Neyman-Pearson’s lemma [22, Theorem 12.7.1], in the sequel,
the most powerful test (MPT) �� is given as follows: For every
m 2 L, if

1

n
log

PmðxxðmÞÞ
QLðxxðmÞÞ

¼ 1

n

Xn
i¼1

Ixi�Pm log
PmðxiÞ
QLðxiÞ

� kðmÞn ; ð36Þ

then the hypothesis H0 is accepted. On the other hand, if

1

n
log

PmðxxðmÞÞ
QLðxxðmÞÞ

¼ 1

n

Xn
i¼1

Ixi�Pm log
PmðxiÞ
QLðxiÞ

> kðmÞn ; ð37Þ

then the hypothesis H1 is accepted. In these equations, the

criterion kðmÞn is a positive number such that for a given

��� ðxxðmÞÞ

��� xxðmÞ

 �

¼ Pr
1

n
log

Pm xxðmÞ
� 

QL xxðmÞð Þ > kðmÞn

����H1 is true:

 !
; ð38Þ

when H1 is true. Then, we have to decrease the probability

of error with respect to n

��� xxðmÞ

 �

¼ Pr
1

n
log

Pm xxðmÞ
� 

QL xxðmÞð Þ > kðmÞn

����H0 is true:

 !
; ð39Þ

when H0 is true. Notice that a dissimilarity measure among
the clusters is characterized by the criterion and by the
decreasing speed of the probability of error with respect to n.
In fact, for every m 2 L, these satisfy

lim
n!1

kðmÞn ¼ �LðmÞDðPmkQLÞ; ð40Þ

lim
n!1

1

n
log��� ðxxðmÞÞ ¼ ��LðmÞDðPmkQLÞ: ð41Þ

These equations will be shown in Theorem 4. Hence, the
criterion kðmÞn of the MPT converges to each term of the
squared RDSP defined in (9). Also, the decreasing speed of
the probability ��� ðxxðmÞÞ of error with respect to n is
determined by each term of the squared RDSP. In short, if
the RDSP is large, then the MPT for the hypotheses works well
even in the case where n is not sufficiently large. Therefore,
the RDSP is a reasonable measure of dissimilarity among
clusters, since it determines the theoretical bound of the MPT
for accepting the true hypothesis H1 in the mixture model.

3.4 A Principle in Common

We explain the good ability of the RDSP via a connection

between it and Ward’s method [26]. Ward’s method is one

of the most popular methods in hierarchical cluster analysis

and has been applied to many practical tasks (see [27], for

example). It is well known that Ward’s method exhibits the

ability to accurately construct the hierarchical structure of

clusters. The key point of the method is to minimize the

increase of the sum of squared differences from each

cluster’s mean whenever merging any two clusters. That is,

when we create a new cluster by merging any two clusters,

we always select two clusters m0 and m00 that minimize the

increase (Ward’s measure)

�W ðm0;m00Þ ¼ sm0;m00 � sm0 � sm00 ; ð42Þ

where sm means the sum of squares within the cluster m 2
fm0;m00g and sm0;m00 also means that within the merged

cluster. For the details, see [26] or [28, Chapter 6]. We now

consider Ward’s measure under the mixture model. In this

case, since a deviation of PDF over a sample space is

characterized by the entropy, replacing the sum of squares,

which is a measure of the deviation of samples, by the

entropy yields

�Rðm0;m00Þ ¼ HðQm0;m00 Þ
� �m0;m00 ðm0ÞHðPm0 Þ � �m0;m00 ðm00ÞHðPm00 Þ:

ð43Þ

This is exactly equal to the squared RDSP in the case of

L ¼ fm0;m00g. Intuitively, the redundancy expresses the

increase of entropy in merging subpopulations in the mixture

model. Thus, somewhat surprisingly, it is based on the same

principle as Ward’s measure in terms of hierarchical

clustering criteria, though the two measures are essentially

distinct measures because Ward’s measure is a sample-based

criterion, and the RDSP is a population-based one. We

experimentally examine a further relationship between the

two measures in Section 4.

3.5 Related Theorems

We describe several theorems related to the main results.
Theorem 2 implies that the RDSP is asymptotically
approximated by the left side in (46). It is useful in practice
because we can avoid serious computational complexity for
the integration with respect to the information divergence
of the RDSP. Also, (11) discussed in Remark 1 is obtained by
substituting L ¼ fm;m0g into (46).

Theorem 2. Let nm ¼
� Pn

i¼1 Ixi�Pm for every m 2 L. If

E�L ½ðnm=n� �LðmÞÞ
2� <1; ð44Þ

EPm

1

nm

Xn
i¼1

Ixi�Pm log
PmðxiÞ
QLðxiÞ

�DðPmkQLÞ
 !2
24 35 <1; ð45Þ

for any subset L � L, then

1

n
rdsPðLÞðx1; . . . ; xnÞ
n o2

! RDSðPðLÞÞf g2 ð46Þ

in probability as n!1.
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Proof. One of the subpopulations is independently chosen at

each time step and according to an identical PDF2�. Hence,

if (44) holds, then by the weak law of large numbers, there

exists a positive number � such that for every m 2 L

lim
n!1

Pr
nm
n
� �LðmÞ

��� ��� > �
n o

¼ 0: ð47Þ

Also, since a sequence of samples is drawn independently,

if (45) holds, then by the weak law of large numbers, there

exists a positive number � such that for every m 2 L

lim
nm!1

Pr
1

nm

Xn
i¼1

Ixi�Pm log
PmðxiÞ
QLðxiÞ

�DðPmkQLÞ
�����

����� > �

( )
¼ 0:

ð48Þ

Accordingly, there exists a positive number � such that

for every m 2 L

lim
n!1

Pr

(����� 1

n

Xn
i¼1

Ixi�Pm log
PmðxiÞ
QLðxiÞ

� �LðmÞDðPmkQLÞ
����� > �

)
¼ 0:

ð49Þ

Therefore, there exists a positive number � such that

lim
n!1

Pr

(����� 1

n

X
m2L

Xn
i¼1

Ixi�Pm log
PmðxiÞ
QLðxiÞ

�
X
m2L

�LðmÞDðPmkQLÞ
����� > �

)
¼ 0

ð50Þ

and, hence, we obtain (46). tu
Theorem 3 shows the difference of dissimilarity between

applying DðPmkPm0 Þ and applying DðPmkQLÞ, as we

discussed in Section 3.1. Note that we obtain ADSðPðLÞÞ
by replacing DðPmkQLÞ with

P
m02LDðPmkPm0 Þ=M in (9).

The second term on the right side in (52) is due to the

convexity of the information divergence (see [21, Chap-

ter 2.2], for example).

Theorem 3. Let M ¼� jLj for any subset L � L. For any subset

L � L, we define a DðPmkPm0 Þ-type averaged dissimilarity

(ADS) as

ADSðPðLÞÞf g2¼� 1

M

X
m2L

X
m02L

�LðmÞDðPmkPm0 Þ; ð51Þ

where �L and DðPmkPm0 Þ are defined in (8) and (15),

respectively. Then, for any subset L � L, the following is

satisfied

ADSðPðLÞÞf g2 ¼ RDSðPðLÞÞf g2

� 1

M

X
m2L

X
m02L

�LðmÞEPm log
Pm0 ðxÞ
QLðxÞ

" #
:
ð52Þ

Proof. Since

ADSðPðLÞÞf g2

¼ 1

M

X
m2L

X
m02L

�LðmÞDðPmkPm0 Þ ð53Þ

¼ 1

M

X
m2L

�LðmÞ
 
MDðPmkQLÞ�

X
m02L

EPm

"
log

Pm0 ðxÞ
QLðxÞ

#!
ð54Þ

¼ RDSðPðLÞÞf g2� 1

M

X
m2L

X
m02L

�LðmÞEPm log
Pm0 ðxÞ
QLðxÞ

" #
; ð55Þ

we obtain (52). tu
Theorem 4 is an analogy of Stein’s lemma [30, Corollary 1.2],
[25, Lemma 3.4.7].

Theorem 4. We consider the hypotheses designated by (35). For
any subset L � L, if the hypothesis H1 is true, then for every
m 2 L, (40) holds. Also, if the hypothesis H0 is true, then for
every m 2 L, (41) holds.

Proof. If the hypothesisH1 is true, then (49) holds by the weak
law of large numbers. Hence, the left side of (36) and (37) is

1

n
log

PmðxxðmÞÞ
QLðxxðmÞÞ

! �LðmÞDðPmkQLÞ; ð56Þ

in probability as n!1. If (40) does not hold, then we
cannot set an arbitrary number in ��ðxxðmÞÞ since ��ðxxðmÞÞ
must go to zero or one as n!1 to satisfy (38).
Therefore, (40) holds. Next, we obtain (41) via Gärtner-
Ellis theorem [31], [32]. For every m 2 L, let

Y ðmÞn ¼� log
PmðxxðmÞÞ
QLðxxðmÞÞ

� nkðmÞn : ð57Þ

We examine the convergence speed that Y ðmÞn =n goes into
ð0;1Þ as n!1. The moment generating function of
Y ðmÞn with respect to Qnm

L is

Mnm
QL
ð�Þ ¼EQnm

L

h
exp

�
�Y ðmÞn

i
ð58Þ

¼exp
�
� �nkðmÞn


EQnm

L
Pm
�
xxðmÞ

�
QL
�
xxðmÞ

��h i
ð59Þ

¼exp
�
� �nkðmÞn

Z
Xnm

Pm
�
xxðmÞ

�
QL
�
xxðmÞ

1��
dxxðmÞ ð60Þ

¼exp
�
� �nkðmÞn

 Z
X
PmðxÞ�QLðxÞ1�� dx

� �nm
; ð61Þ

where the last line is obtained by the independence of
each of the elements. We define

�ðmÞð�Þ ¼� lim
n!1

1

n
logMQnm

L
ð�Þ: ð62Þ

By (40) and (47), we have

�ðmÞð�Þ ¼ ���ðmÞDðPmkQLÞ

þ �ðmÞ log

Z
X
PmðxÞ�QLðxÞ1�� dx

� �
:

ð63Þ

Accordingly, the rate function is described as

Umð�; yÞ ¼ sup
�2 IR

�y� �ðmÞð�Þ

 �

: ð64Þ
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From Gärtner-Ellis theorem (for example, see [25,

Chapter 2]), we have

lim
n!1

1

n
log Pr

Y ðmÞn

n
2 ð0;1Þ

� �
¼ � inf

y2ð0;1Þ
Umð�; yÞ ð65Þ

¼ � sup
�2IR

��ðmÞð�Þ

 �

: ð66Þ

By solving the following differential equation,

� d

d�
�ðmÞð�Þ ¼ 0; ð67Þ

we immediately obtain � ¼ 1. Therefore, since the rate

function is convex, substituting � ¼ 1 into (66) yields (41).tu
From Theorem 4, we immediately obtain Corollary 1. This

states that the criterion of the MPT depends on the squared

RDSP and that the decreasing speed of the probability of

error with respect to n depends on it as well.

Corollary 1. We consider the hypotheses designated by (35). For

any subset L � L, if the hypothesis H1 is true, then for every

m 2 L

lim
n!1

X
m2L

kðmÞn ¼ RDSðPðLÞÞf g2; ð68Þ

where kðmÞn is defined such that (38) holds. Also, if the

hypothesis H0 is true, then

lim
n!1

1

n

X
m2L

log��� ðxxðmÞÞ ¼ � RDSðPðLÞÞf g2; ð69Þ

where ��� ðxxðmÞÞ is given in (39).

4 EXPERIMENTS

4.1 Experiments for Synthetic Data

We exhibit the experimental results on relationships between
the RDSP and several other measures for synthetic data based
on the mixture model. To examine properties of the RDSP
in terms of hierarchical clustering criteria, we have per-
formed hierarchical clustering for clusters of labeled samples.
Fig. 3 draws examples of sample plots in the two-dimensional
euclidean space X ¼ IR2. These are neat examples that
provide fundamental understandings regarding the RDSP.
In each example, the sample plots were drawn from the
population that consists of five subpopulations of normal
distribution,P1; . . . ; P5. Each PDFPm, wherem ¼ 1; . . . ; 5, for
any sample xi ¼ ðxi1; xi2Þ 2 IR2 is described as

PmðxiÞ ¼

1

2	

ðmÞ
1 


ðmÞ
2

exp � 1

2

xi1 � �ðmÞ1



ðmÞ
1

 !2

� 1

2

xi2 � �ðmÞ2



ðmÞ
2

 !2
8<:

9=;; ð70Þ

where the parameters are given in Table 2. The number nm
of samples in each cluster is given in Table 2. The PDF is
also used in calculating (82) and (84) below. Now, it is
important to note a different point between Figs. 3a and 3b.
For Fig. 3a, we expect that the closest clusters are 1 and 2, or
3 and 4 at the first or the second step of the mergence. This
is because each cluster forms the same size circle, in which
case the distance between any two clusters depends on the
distance between the means of the two clusters. On the
other hand, for Fig. 3b, we expect that the closest clusters
are 1 and 3, or 2 and 4 at the first or the second step, because
the abscissa variance of each cluster is much greater than
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Fig. 3. Sample plots in X ¼ IR2. (a) Circle clusters. (b) Oval clusters. (c) Nonoverlapping clusters. (d) Nonoverlapping clusters after the first
mergence.
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the ordinate variance, though the means of clusters 1 and 2,
or 3 and 4 are the closest (also, see Table 2).

Next, Fig. 3c consists of five nonoverlapping clusters:
Clusters 1 and 3 are same-size circles and the others are
same-size ovals that are slightly different from the circles. In
this case, we expect that the closest clusters are 1 and 3 at
the first step of the mergence because their means are the
closest. Fig. 3d draws the sample plots after the first
mergence, and the key point is the subsequent mergence. At
the second step, the closest clusters will be 2 and 4 because
the distributions of the merged cluster and prime cluster 2
are more distinct, though the mean of cluster 2 is the closest
point to the median of the merged cluster (also see Table 2).
At the third step, we expect that cluster 5 is grouped into
the merged cluster constructed by clusters 2 and 4.

We employed the following six clustering methods with
different measures to form hierarchical clusters.

Nearest neighbor (NN) method. In the NN method, the
distance (dissimilarity) measure between any two (prime or
merged) clusters is the euclidean distance of the two closest
samples in the different clusters. That is, for any subsetL0 	 L
and L00 	 L such that L0 \ L00 ¼ ;, the distance between them
is expressed by

�NðL0;L00Þ ¼ min
x02xxðL0Þ; x002xxðL00Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 � x00ÞT ðx0 � x00Þ

q
; ð71Þ

where T is the transposition of a vector, and for L ¼ L0;L00,
the cluster xxðLÞ of samples means

xxðLÞ ¼�
[
m2L

xxðmÞ; ð72Þ

where xxðmÞ is defined in (32). The NN method always
attempts to merge two clusters that minimize the distance
measure at each step of the mergence.

Group average (GA) method. The group average (GA) is a
conventional method in the literature to effectively measure
the distance between two clusters. In this method, the
distance measure between any two (prime or merged)
clusters is the average distance between them. That is, for
any subset L0 	 L and L00 	 L such that L0 \ L00 ¼ ;, the
average distance is given by

�GðL0;L00Þ¼
1

nL0nL00

X
x02xxðL0Þ

X
x002xxðL00Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 � x00ÞT ðx0 � x00Þ

q
; ð73Þ

where for any subset L, nL is written as

nL ¼�
X
m2L

nm; ð74Þ

where nm is the number of samples in the cluster m, xxðmÞ.
The GA method always attempts to merge two clusters that
minimize the distance measure at each step. Interestingly,
this measure also has a similar consistency property to that
of the RDSS, such that (73) goes to the expected value

�GðL0;L00Þ ! EPðL0[L00Þ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx0 � x00ÞT ðx0 � x00Þ

q #
ð75Þ

as nL0 ! 1 and nL00 ! 1 under certain conditions [33,
Chapter 14].

Ward’s method. In this method, the distance measure
between any two (prime or merged) clusters is written as
Ward’s measure given by (42), as discussed above. In this
case, for any subset L0 	 L and L00 	 L such that L0 \ L00 ¼ ;,
the distance between them is rewritten as

�W ðL0;L00Þ ¼
nL0nL00

nL0 þ nL00
�xðL

0Þ � �xðL
00Þ


 �T
�xðL

0Þ � �xðL
00Þ


 �
; ð76Þ

where for any subset L, the mean of the clusters is written as

�xðLÞ ¼� 1

nL

X
x2xxðLÞ

x: ð77Þ

Similarly, Ward’s method always attempts to merge two
clusters that minimize the distance measure at each step.

Clustering Evaluation Function (CEF) method. Recently, an
advanced similarity measure has been proposed in [1] to
evaluate an information potential between samples in multi-
ple clusters. The information potential is expressed as Renyi’s
quadratic entropy based on a Gaussian kernel function. For
any subset L0 	 L and L00 	 L such that L0 \ L00 ¼ ;, the
similarity measure is given by

CEF ðL0;L00Þ ¼ 1

2nL0nL00

X
x02xxðL0Þ

X
x002xxðL00Þ

Gðx0 � x00; 2
2Þ; ð78Þ

where the Gaussian kernel function G is, for any variance
v2 2 IR

Gðx; v2Þ ¼� 1

2	v
exp � x

Tx

2v2

� �
: ð79Þ

Equation (78) is referred to as the CEF. When we employ
the pseudodistance measure [1, Equation (16)] based on the
CEF, hereafter, we call it the CEF method. In this method,
the pseudodistance measure between any two (prime or
merged) clusters is the kernel-based distance between them.
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For any subset L0 	 L and L00 	 L such that L0 \ L00 ¼ ;, the

pseudodistance measure is given by

�CðL0;L00Þ ¼ � logCEF ðL0;L00Þ: ð80Þ

The CEF method always attempts to merge two clusters that

minimize the distance measure at each step. In this paper,

we set 
 ¼ 0:3 for all experiments. It was carefully tuned to

ensure that this method works well. We have seen that this

distance is sensitive to the choice of the parameter 
. In fact,

if 
 ¼ 0:5, the resulting dendrograms are completely

different from those shown in Figs. 4d, 5d, and 6d.
Symmetric information divergence (SID) method. When we

employ the SID to measure the distance between two

clusters, henceforth, we call it the SID method. For any

subset L0 	 L and L00 	 L such that L0 \ L00 ¼ ;, the SID

between QL0 and QL00 is given by

�SðL0;L00Þ ¼ DðQL0kQL00 Þ þDðQL00kQL0 Þ: ð81Þ

However, since the integration of information divergence

induces serious computational complexity, this is in general

hard to compute directly. Hence, for the given PDFs of the

subpopulations, we instead use the approximated (empiri-

cal) SID3 designated by

�SðL0;L00Þ 

1

nL0

X
m2L0

X
x2xxðmÞ

log
QL0 ðxÞ
QL00 ðxÞ

�����
�����

0@ 1A
þ 1

nL00

X
m2L00

X
x2xxðmÞ

log
QL00 ðxÞ
QL0 ðxÞ

�����
�����

0@ 1A:
ð82Þ

Accordingly, the SID method always attempts to merge two
clusters that minimize the distance measure given by (82) at
each step.

RDSP method. When the distance measure is given by the
squared RDSP, we call it the RDSP method. Since the RDSP is
also expressed in terms of information divergence, from
Theorem 2, we approximate the squared RDSP by the left side
in (46) to avoid the computation of the integration. Theorem 2
thus provides a useful approximation to compute the squared
RDSP. Aswith the above methods, the RDSP methodattempts
to form hierarchical clusters. Whenever merging any two
clusters, for the given PDFs of the subpopulations, the RDSP
method always selects the two (prime or merged) clusters L0
and L00 that minimize the squared RDSP approximated by

�RðL0;L00Þ ¼ RDSðPðL0 [ L00ÞÞf g2 ð83Þ


 1

nL0 þ nL00
rdsPðL0[L00Þðx1; . . . ; xnL0þnL00 Þ
n o2

; ð84Þ

where each sample in (84) isxi 2 xxðL
0Þ [ xxðL00Þ for any i. In these

experiments, we put expðyÞ ¼ 1:1y for any y 2 IR in calculat-
ing the exponent of the PDF Pm of a normal distribution and
the base of the logarithm of the RDSS in (6) and the SID in (82).
This is done simply to scale up the tail of the PDF of a normal
distribution to avoid overly small values. Note that this
scaling does not essentially affect any resulting dendrogram.
Thus, calculating the squared RDSP is relatively simple,
because the RDSP can deal with multiple clusters (rather than
only two clusters). For example, when L0 ¼ f1; 2g and L00 ¼
f3; 4g in (83), it is simply calculated by fRDSðP1; P2; P3; P4Þg2

but not by fRDSðQ1;2; Q3;4Þg2, where Q1;2 and Q3;4 denote
merged PDFs. In addition, it can be approximated efficiently
by using the RDSS.

Remark 4. The SID and RDSP methods are closely related to
the model-based hierarchical clustering [34], [35].
However, at least in these experiments for synthetic data,
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3. From the weak law of large numbers, we can readily show that (82)
goes to (81) in probability as nL0 ! 1 and nL00 ! 1.

Fig. 4. Dendrograms for Fig. 3a. (a) NN method. (b) GA method. (c) Ward’s method. (d) CEF method. (e) SID method. (f) RDSP method.
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the methods are not the usual model-based hierarchical
clustering, because for simplicity of measure evaluation,
the methods do not estimate some parameter of the
subpopulations, as described above. For instance, if the
methods are extended to estimate it from labeled (or
unlabeled) samples by the maximum likelihood estimator
[34] (or the EM algorithm [35]), then the methods become
the usual model-based hierarchical clustering for clusters.

Figs. 4, 5, and 6 are the resulting dendrograms of the six
methods for the three examples. The vertical axis in the
figures represents the distance measure of each method,
which was adopted as a minimum value at each step of the
mergence. Appendix A.2, which can be found at http://
computer.org/tpami/archives.htm, provides the minimum
values for the RDSP method. First, we confirm in Fig. 4 that
the RDSP exhibits the same ability as Ward’s measure to
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Fig. 5. Dendrograms for Fig. 3b. (a) NN method. (b) GA method. (c) Ward’s method. (d) CEF method. (e) SID method. (f) RDSP method.

Fig. 6. Dendrograms for Fig. 3c. (a) NN method. (b) GA method. (c) Ward’s method. (d) CEF method. (e) SID method. (f) RDSP method.
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construct accurate dendrograms in comparison with the NN
method. Fig. 4a indicates, unfortunately, that the NN method
led to a chain effect (also see Figs. 5a and 6a). As a result, it
failed to clearly identify the hierarchical structure of the
clusters. In contrast, the RDSP method constructed an
accurate dendrogram without producing such a chain effect,
as shown in Fig. 4. Therefore, it follows that the RDSP
constructs comparatively accurate dendrograms.

Second, we examine the relationship between the RDSP
and the GA and Ward’s measures. Fig. 3a is a typical example
of sample plots such that the GA, Ward’s and RDSP methods
yield essentially the same result, and then, Fig. 3b is a typical
example such that the RDSP method yields a different result
from those of the GA and Ward’s methods. The point that we
focus on here is that the RDSP treats the PDF of each
subpopulation itself, and on the other hand, the GA and
Ward’s measures treat only two statistics (the mean and the
sum of squares) with respect to the PDF. For the sample plots
forming the circle (hypersphere) clusters in Fig. 3a, the three
methods constructed much the same dendrogram, as shown
in Fig. 4. This is because in this case the closest clusters are
determined by the mean and the sum of the squares in each
cluster. In other words, they become sufficient statistics with
respect to the PDFs. Such circle clusters have often been
treated in the literature, and in fact, the GA and Ward’s
measures work well on the assumption that samples form
circle clusters. Next, for the sample plots forming the
noncircle (oval) clusters in Fig. 3b, the resulting dendrograms
shown in Figs. 5b, 5c, and 5f were slightly different at the first
and the second steps. In this example, the mean and the sum of
the squares are not sufficient to determine the closest clusters.
The RDSP fully exploits the form of the PDF of each
subpopulations, even in this case. Accordingly, as shown in
Fig. 5f, the RDSP method succeeded in constructing an
accurate dendrogram that we expected, whereas the GA and
Ward’s methods did not succeed in doing this. It follows from
the resulting dendrograms that the GA and Ward’s measures
tend to depend on the distance between the means of two
clusters. This might be somewhat obvious from (73) and (76).
On the other hand, the RDSP emphasizes the difference of the
forms of the PDF, compared to the other two measures. The
same as the RDSP can be said of the SID method. Thus, there
are some meaningful cases where the RDSP exhibits better
performance than Ward’s measure, though their measures
are based on the same principle.

Third, we are now in the position to show the difference
between the RDSP and the CEF and SID measures, because
their dendrograms were essentially the same in Figs. 4 and 5.
For the sample plots in Fig. 3c, the resulting dendrograms are
shown in Fig. 6. The mergence by the RDSP method was
different from those by the CEF and SID methods at the
second step. This represents the difference from the other two
measures. According to the distance between the median of
the merged cluster and prime cluster 2, the two methods
chose the merged cluster and cluster 2 at the second step and
then induced a chain effect unfortunately. This is because the
two measures tend to depend on the median of a merged
cluster. In contrast, since the RDSP can treat multiple PDFs
and is based on the principle that minimizes the increase of
cluster entropy in merging clusters, even in this case, the
RDSP method succeeded in constructing an expected den-
drogram, as shown in Fig. 6f. Therefore, it follows that the
RDSP is especially appropriate for identifying the hierarch-
ical structure of clusters.

4.2 Experiments for Real Data

We show the experimental results for real data on further
relationships between the RDSP and the other measures. The
experiments used a glass identification database available
from the UCI repository of machine learning databases [36].
Glass identification is an interesting problem, as it is some-
times of use in criminal investigations, because the glass left at
the scene of a crime can be crucial evidence if it is correctly
identified. The database consists of 214 labeled samples
featuring nine dimensions (attributes). These nine dimen-
sions are the refractive index and weight percents of sodium,
magnesium, aluminum, silicon, potassium, calcium, barium,
and iron in their corresponding oxides. The glass samples in
the database are labeled according to coded type. Each
sample is classified into one of six classes corresponding to
the hierarchical structure shown in Fig. 7. The six types of
glass are classified broadly as window or nonwindow class.
The nonwindow class includes containers (C), tableware (T),
and headlamps (H). The window class is furthermore
classified into float-processed versus non-float-processed
class. The float-processed class includes float-processed
building windows (FB) and float-processed vehicle windows
(FV), and the nonfloat-processed class includes nonfloat-
processed building windows (NB). We partitioned all
samples in the database into eight clusters such that the
samples of each cluster have the same label. The samples of
the FB and NB types are separated into two clusters according
to their exact ID numbers, because the number of samples for
these two types is much larger than those of the others. The
cluster distribution is shown in Table 3. The goal of this
clustering task is to identify the underlying hierarchical
structure of the types of glass from the clusters.

We employed the six clustering methods with different
measures, described in Section 4.1. In this experiment, since
the subpopulation PDFs to be used in the SID and RDSP
methods are unknown, we assumed that the PDF Pm of each
subpopulation, where m ¼ 1; . . . ; 8, is a normal distribution
of the nine dimensions and estimated the mean and the
covariance matrix of Pm from samples of cluster m. In
addition, to scale up the tail of the PDF of a normal
distribution, we put expðyÞ ¼ 1:5y for any y 2 IR in calculating
the exponent of the PDF Pm of a normal distribution and the
base of the logarithm of the RDSS and the SID given in (6) and
(82), respectively.

Fig. 8 shows the resulting dendrograms of the six
methods for the eight clusters of samples shown in Table 3.
The vertical axis in the figures represents the distance
measure for each method, which was adopted as a
minimum value at each step. The horizontal broken lines
separate the clusters at proper levels of the hierarchical
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Fig. 7. Hierarchical structure of the types of glass.
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structure. We confirm from the horizontal broken lines that
only the RDSP method successfully classified the clusters
into float-processed and non-float-processed classes at a
low level in the hierarchical structure and, furthermore, into
the windows versus nonwindows at a high level. From the
horizontal broken lines, we see that although the other
methods also provided appropriate classification into the
window and nonwindow classes, they failed to classify the
clusters into float-processed and non-float-processed
classes. Therefore, it follows that the RDSP constructs
comparatively accurate dendrograms for real data.

5 CONCLUSION

We have introduced the RDSP, a dissimilarity measure
among multiple PDs, for measuring dissimilarity among
multiple clusters. From aspects of both source coding and a
statistical hypothesis test, we elucidated the theoretical

reasons that the RDSP is a reasonable measure of dissimilarity
among multiple clusters. These reasons could play a role as a
guide for practical applications of the clustering task. We also
described a principle in common for the measures of the
RDSP and Ward’s methods. In the experiments for synthetic
data and real data, we confirmed that the RDSP constructs
accurate dendrograms without producing chain effects and
that the RDSP is especially appropriate for identifying the
hierarchical structure of clusters.
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TABLE 3
Cluster Distribution
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