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Abstract—We exhibit an important property called the asymp-
totic equipartition property (AEP) on empirical sequences in an
ergodic multiagent Markov decision process (MDP). Using the
AEP which facilitates the analysis of multiagent learning, we give
a statistical property of multiagent learning, such as reinforcement
learning (RL), near the end of the learning process. We examine
the effect of the conditions among the agents on the achievement
of a cooperative policy in three different cases: blind, visible, and
communicable. Also, we derive a bound on the speed with which
the empirical sequence converges to the best sequence in proba-
bility, so that the multiagent learning yields the best cooperative
result.

Index Terms—Asymptotic equipartition property (AEP),
Markov decision process (MDP), multiagent system, reinforce-
ment learning (RL), stochastic complexity (SC).

I. INTRODUCTION

WHEN multiple learners called the agents cooperate with
each other to perform a given task within the framework

of an ergodic Markov decision process (MDP) [1, Sec. 2.3],
[2, Sec. 3.6], [3], there exist a few general properties which
do not depend on learning methods such as the temporal differ-
ence learning in reinforcement learning (RL) [2], [4]–[6]. Espe-
cially, the asymptotic equipartition property (AEP) developed
in [7] and [8] is a rewarding law to facilitate the analysis of the
learning process since most of our attention can be focused on
the typical set of empirical sequences generated from stationary
ergodic MDPs [9], [10]. The typical set occurs with probability
nearly one; all elements in the typical set are nearly equiprob-
able, and the number of elements in the typical set is given by an
exponential function of the entropy of probability distribution
(PD). Also, the number of elements in the typical set is quite
small compared with the number of all possible sequences. Re-
cently, a novel action selection strategy related to this property
was proposed in [11].

In this paper, we first show that the AEP is satisfied for empir-
ical sequences in the multiagent case, in which interest has been
growing in the field of artificial intelligence [12]–[17]. The the-
orems of the AEP to be shown here are more rigorous and more
concrete than those for general ergodic sources [18]. We discuss
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an MDP in unsupervised multiagent learning, in particular, the
effect of the following conditions among the multiple agents in
the same environment: Blind, visible, and communicable cases.
Therefore, we show some new insights about the achievement
of best cooperation, or more specifically, the existence of an im-
portant factor called the stochastic complexity (SC) which char-
acterizes a best cooperative result near the end of the learning
process and we shed light onto the fact about how the difference
among the three conditions affects the best cooperative result.
We also derive a bound on the speed with which the empirical
sequence converges to the best sequence in probability, which
yields the best cooperative result.

The organization of this paper is as follows. In Section II we
introduce the method of types in information theory and de-
scribe some definitions to show the main results. The main re-
sults are described in Section III. We discuss the derived results
and give some conclusions in Section IV. Finally, the lemmas
and the proofs for the main results are given in Appendices I and
II, respectively.

II. PRELIMINARIES

We consider that agents are in the same environment and
each agent learns an optimal policy which produces a maximal
expected return. We use the term return to express the sum of re-
wards. The reward distribution of the environment is designed
such that each agent performs a certain task in cooperation with
the other agents. This is a common trick in unsupervised mul-
tiagent learning such as RL, so that if the reward distribution is
appropriately arranged, then each agent can learn best cooper-
ative policy via the learning process of maximizing the return
without a supervisor’s support. We assume that the best cooper-
ative policy, in other words the optimal policy, of any task is the
policy such that the return of each agent is maximized. This is
an underlying assumption throughout this paper. The assump-
tion is necessary so that MDPs in multiagent learning tend to be
stationary. Note that this is also for simplicity of development
and we could instead employ any other assumption about the
optimal policy such that MDPs in multiagent learning tend to
be stationary.

Remark 1: Since the environment is not stationary from the
view of each agent, MDPs in multiagent learning do not exhibit
a convergence to a stationary process in general. In addition,
there exist some equilibria on the convergence of the agents’
policy, especially in noncooperative tasks such as the stochastic
game [12], [15], [19]. In short, we have to impose an addi-
tional convention upon shared information among the agents in
order to guarantee an equilibrium in such cases (see [19], for in-
stance). This paper does not consider such cases, but considers
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a popular MDP in multiagent learning such that it is intuitively
regarded as a large single-MDP.

This section is to introduce an information-theoretic formu-
lation of multiagent learning framework and is organized as fol-
lows. Section II-A formulates an MDP in multiagent case and
also defines the conditions among the agents. In Sections II-B
and C, we prepare several notions such as the type, which are
used for showing the AEP based on the formulation and con-
ditions. Section II-D examines common information to see the
difference in entropy among the conditions.

A. MDP in Multiagent Case

We start with the formulation of an MDP in multiagent case.
Table I summarizes the list of fundamental symbols defined in
this paper. Let us define . To avoid confu-
sion and to facilitate exposition, the agent numbered
is referred to as the agent , henceforth. In this paper, we con-
centrate on a discrete-time multiagent MDP with discrete states,
actions, and rewards. Let be the finite set

of states of the environment, be the fi-
nite set of actions, and be the fi-
nite set of rewards which are discrete real numbers. Notice that

, , and . We assume that elements in
these sets are recognized without error by the agents. We use
to denote a time step. The stochastic variables (SVs) of state,
action, and reward, which the agent observes at time step

, are written as , , and ,
respectively. Let , ,

and be the SVs of states, actions, and re-
wards of all the agents at time step , respectively. At each step
, the agent senses a current state (or all the

agents’ states ) and chooses an action
according to the policy of the agent (or that of all the agents).
The chosen actions by all the agents change the cur-
rent state to a subsequent state for every

. Then, the agent receives a scalar reward
from the environment according to the chosen actions and the
state-transition of the environment. Fig. 1 depicts the interac-
tions between the multiple agents and the environment. The in-
teractions of -times produce an empirical sequence of all the
agents

(1)
Now, let for notational convenience and
we rewrite this empirical sequence as

(2)

where

(3)

Hereafter, an observed empirical sequence is simply
denoted by for any positive

. For notational simplicity, we write the vector of
-states as where

denotes a state of the agent . Analogously, let
and

. Let

be the initial PD and let . The
empirical sequence of all the agents is drawn according to an
ergodic MDP specified by the following two-conditional PD
matrices, as shown in Fig. 1. Henceforth, the conditional PD
matrix is simply called the matrix. The policy matrix, made by
the agents’ policies, is an matrix defined by

(4)

where is the transposition of a matrix and
is a -dimen-

sional vector written as

(5)
where

(6)

Note that the policy matrix is actually time-varying because
the agents improve the policy in the process of learning. How-
ever, the policy matrix tends to remain constant as the policy
becomes closer to the optimal one. The state-transition matrix
is an matrix defined by1

(7)

where
is written as an -dimensional vector

(8)

where

(9)

The agents do not know the state-transition matrix of the
environment. We assume that is constant and that, for sim-
plicity of analysis, the policy matrix is temporarily fixed for

time steps where is sufficiently large, so that we can regard
the process as temporarily stationary one. For notational sim-
plicity, we define . Since the ergodic MDPs are

1Note that the superscript T of� stems from “t”ransition, but does not mean
the transposition of a matrix
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TABLE I
LIST OF SYMBOLS

characterized by the finite sets, the initial PD, and the matrices,
we denote the MDP in multiagent case by .

Next, let us define the conditions among the agents, treated
in this paper.

Blind Case:

When no agent can recognize any of the other
agents’ states or communicate with the others, we
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Fig. 1. Interaction model between the multiple agents and the environment.

refer to this situation as the blind case. In this case,
the component of the policy matrix given by (6) can
be described more specifically as

(10)

where .
This means that the agent independently selects an
action only according to its state at each time
step. It would seem impossible to achieve a coopera-
tive policy in such a case, but relying on rewards, the
agents can cooperate if the design of the reward distri-
bution is appropriate. Hence, we consider only when
the design of the reward distribution is appropriate to
achieve a cooperative policy.

Visible Case:

In the visible case, each agent can know all of the
other agents’ states without error at each time step and
can make action decisions based on this state informa-
tion. However, the agents cannot communicate with
each other. In this case, the component is written as

(11)

where
. Analogously, in this case, we consider only

when the design of the reward distribution is appro-
priate to achieve a cooperative policy.

Communicable Case:

When the agents can communicate with each
other in the visible case, or more concretely, share a
common policy by communication, we refer to these
situations as the communicable case. In this case,
each agent can choose actions together with the other
agents.

We have formulated the MDP in multiagent case and described
the conditions among the agents in the three different cases.

Remark 2: In the three cases, for simplicity we do not con-
sider several issues such as communication overhead and coor-
dination of agents’ policies. Note that those issues would be-
come nontrivial problems in practical settings.

B. Type of Empirical Sequence

We introduce the method of types [8], [20], which is a
well-known combinational method in statistics and information
theory, to strictly argue that the AEP holds in .
The essence of the method of types is, in short, to classify pos-
sible empirical sequences according to the type of empirical
sequences. Let denote the number
of times that a state occurs in the empirical
sequence of time steps, ,
that is

(12)

In the same manner, we define

(13)
and with an additional “cyclic” convention that , , and

precede , , and , we also define

(14)

Note that the cyclic convention is for simplicity of develop-
ment, and the discussions in this paper strictly hold even if
we do not assume this convention. The relationship among
the nonnegative numbers, , , , and

is expressed as

(15)

where the notations of summation denote

(16)

Now, we define the type2 of as

(17)

2The type is generally called the empirical distribution [21, p. 42] because we
can regard each sequence as a sample from a stochastic process.
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where

(18)

and define the joint-type of as

...
...

. . .
...

(19)
where

(20)

In this case, we say that the state sequence and the state-action
sequence have the type and the joint type ,
respectively.

1) Conditional Type Relative to Policy: If
for all , then the conditional type
of given a state sequence

is defined as

(21)

However, if there exists such that , then
we cannot uniquely determine the conditional type. To avoid
such a case, we consider the set of action sequences given any
state sequence having the type and an matrix

expressed as

(22)

where the -dimensional vector is described by

(23)
In short, is decided by and
for every . The set of action sequences,
which is uniquely determined in this way, is referred to as the

-shell [8, p. 31] of and it is denoted by . The
entire set of possible matrices for any state sequence with
the type is simply written as .

Example 1 ( -Shell): Let . For the state
sequence

(24)

with the type
and the matrix given by

(25)

the -shell of is

(26)

2) Conditional Markov-Type Relative to State-Transition: In
a slightly different manner, we need to deal with the condi-
tional Markov-type [22]. We consider the set of state-reward
sequences such that the joint-type is given any action
sequence and an matrix

designated by

(27)

where the -dimensional vector is

(28)

The set of state-reward sequences is referred to as the -shell
and it is denoted by . The entire set of possible
matrices such that the joint type is for any action
sequence is simply written as .

For simplicity, we define and .
The set of empirical sequences that consists of the -shell
and -shell is called the -shell. It is denoted by

. When a joint-type and a
matrix are given, the -shell having the type is
uniquely determined, and then the combination of each element
in the -shell and a matrix produces the -shell. There-
fore, the -shell is uniquely determined. In this case, we write
that the empirical sequence has the conditional type matrix .

Remark 3 ( -Shell): The number of elements in
is given by

(29)

C. -Typical and -Typical Sequences

In order to show the AEP on empirical sequences, we have
to introduce the -typical sequence with respect to the state se-
quences and the -typical sequences with respect to the state-
action sequences.

Definition 1 ( -Typical and -Typical Sequences): We as-
sume the existence of the following two unique stationary PD
matrices:

(30)

...
...

. . .
...

(31)

and also assume that and tend to and as
, respectively. The stationary PDs are uniquely deter-

mined by the ergodic MDP . In this case, there
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exists a sequence of positive such that as ,
and if the type of a state sequence satisfies

(32)

then we call the state sequence a -typical sequence. The set of
-typical sequences is denoted by

(33)

In a similar manner, there exists a sequence of positive such
that as , and if

(34)

holds, then the state-action sequences are
referred to as -typical sequences. We define the set of -typ-
ical sequences as

(35)

D. Common Information

We now introduce a few basic conventions in information
theory [23, Ch. 2] for describing common information. Let us
use the convention that , henceforth. The entropy
is denoted by the function H of matrix or SV for clarity. For
instance, the entropy of in (5) for any is de-
fined by

(36)
and the entropy of the policy matrix given , namely ,
is written as

(37)

(38)

(39)

(40)

Next, as used in (32) and (34), the information divergence is des-
ignated by the function D. The information divergence between

and given is written as

(41)
where

(42)

Incidentally, we use the function I of SV to denote an amount of
mutual information, which will be explained later. In the rest of
this section, to confirm the difference in the foregoing cases, we
focus on the entropy of the policy matrix because it character-
izes the AEP essentially. By and in (10) and
(11), the entropy described by (37) can be rewritten as different
expressions in the three cases

(Blind case)

(Visible case)
(Communicable case)

(43)

where

(44)

(45)

where from (31), and are expressed as

(46)

(47)

For notational convenience, we use , ,
and to denote the values of in the blind,
visible, and communicable cases, respectively.

It is interesting and rewarding to examine the difference
among the values of in (43). In fact, when we con-
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sider the difference of shared information among the three
cases, the relationship is expressed as

(48)

and

(49)
where

(50)

and the conditional mutual information in (48) is described by

(51)

and that in (49) is also

(52)

where

(53)

(54)

Fig. 2 represents the relationship. We call the difference of (48)
the visibility information and the difference of (49) the commu-
nication information. Due to the nonnegativity of conditional
mutual information [21, Th. 2.8], the values of (48) and (49) are
nonnegative. The equality holds in (48) only if for any , the
SV is independent of when is given. It
also holds in (49) only if for any , the elements of given

are independent of each other. This means that the visibility
information shared among the agents is greater than zero and,

Fig. 2. Visibility information and communication information.

similarly, that the information gained by communication among
the agents is greater than zero. Notice that the nonnegativity of
the conditional mutual information suggests the following in-
equalities:

(55)

III. MAIN RESULTS

We begin with the definitions of the typical sequence and the
typical set of empirical sequences.

A. The AEP

Definition 2 ( -Typical Sequence and -Typical Set): For any
matrix and any positive number , if the matrix
of the conditional types with respect to an empirical sequence

satisfies

(56)

then the empirical sequence is called a -typical sequence. The
set of such empirical sequences is also called the -typical set
and it is denoted by . That is, the -typical set is given
by (57), as shown at the bottom of the page.

In short, the -typical set means the set of empirical se-
quences whose matrices exist in the neighborhood
of , as shown in Fig. 3.

Now, we are in a position to show the AEP using the lemmas
in Appendix I. The following Theorems 1–3 regarding the
AEP hold on empirical sequences in the temporarily stationary
ergodic MDP. The corresponding proofs are given in Appen-
dices II-C–E, respectively.

Theorem 1 (Probability of -Typical Set): If as
and satisfies

(58)

(57)
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Fig. 3. Set of matrices f� 2 � g in the neighborhood of �.

Fig. 4. AEP in the set of empirical sequences.

where

(59)
then there exists a sequence such that

and also

(60)

This theorem implies that the probability of the -typical set
asymptotically goes to one independently of the agents’ policy
and the environment. The following theorem indicates that all
elements in the -typical set are nearly equiprobable.

Theorem 2 (Equiprobability of -Typical Sequence): If
, , and such that

, , and as , then there
exists a sequence such that

and the PD is bounded
by

(61)

where

(62)

Finally, we present the theorem which implies that the
number of elements in the -typical set is written as an expo-
nential function of the sum of the conditional entropies.

Theorem 3 (Number of -Typical Sequences): If
, , and such

that , , and as , then
there exist two sequences
and , such that

and
, respectively, and the number of elements in the -typical

set is bounded by

(63)

Fig. 4 illustrates the AEP given by Theorems 1–3. Here, note
that the -typical set is quite small in comparison to the set of
all possible empirical sequences, because if the PDs of and

are not uniform distributions, respectively, then

(64)

Hence, their existence is important enough because the total
probability is almost one.

B. Role of SC

We shall exhibit a close relationship between return maxi-
mization (RM) in RL and the Kolmogorov (algorithmic) com-
plexity [23, Ch. 7]–[25].
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Definition 3 (SC): The SC is defined by

(65)

Also, since the value of has different expressions in
the above three cases, let , , and be the
values of the SC in the blind, visible, and communicable cases,
respectively.

Since is the same for the three cases, from (55) we
have

(66)

The SC is so called because of the following relationship, obvi-
ously obtained by following the same line as [23, Th. 7.3.1].

Theorem 4 (Relationship Between Kolmogorov Complexity
and SC): Let be the conditional Kolmogorov com-
plexity given the length of sequence under a computer ,
that is, for a program and its length

(67)

the minimum length over all programs that print and halt. If
, , and , then there

exists a constant value such that

(68)

for a computer and all .
Remark 4 (Kolmogorov Complexity): One of the simplest ex-

amples of a universal computer is a finite state machine ex-
plored by A. Turing. All computational systems can be reduced
to a finite state machine, and vice versa, when the length of the
program for simulation can be neglected. The Kolmogorov com-
plexity is defined as length of the shortest program such that
a computer prints a sequence without ambiguity using the
program and then halts in a finite amount of time steps.

The SC plays an important role in maximizing return because,
from Theorem 3, the SC determines the number of elements
in the -typical set on which we focus for analysis. Now, we
assume the existence of the optimal policy in (4) such that
the return of each agent is maximized.

Example 2 (Optimal Policy in the Blind Case): Let
be the action-value function [2, Sec. 2.3] that expresses how
good the action is for the agent in the state

. Note that the value of means an expected value
for (discounted) sum of rewards at each time step but not an
estimated one. Accordingly, an optimal policy of the agent
with respect to is

if

if
(69)

Substituting (69) into (10) yields

(70)

Therefore, the optimal policy in the blind case is defined by

(71)

where is a -dimen-
sional vector written as

(72)

using (70). Similarly, we can define the optimal policy in
the visible and communicable cases.

If an optimal policy for the agents’ cooperation is defined,
then there is a proper subset of best sequences whose matrix
in (22) satisfies .

Definition 4 (RM): We denote a proper subset of best se-
quences of time steps by

where

(73)

If as , it is referred to as RM in
probability.

Theorem 5 and Corollary 1 show the main results of this
paper.

Theorem 5 (RM in Probability Near the End of Process): If
the agents’ policy is improved by learning such that ,
then the -typical set produced by the policy includes the subset
of best sequences, that is, holds and the proba-
bility of RM is written as

(74)

for sufficiently large . If the agents’ policy remains optimal
with probability one, then the effect of the conditions among the
agents vanishes, because the probability of RM does not depend
on the common information asymptotically.

For the proof, see Appendix II-F. Notice that ,
illustrated in Fig. 5, means the situation near the end of process,
which becomes almost stationary and ergodic. In the figure, each
element in denotes an empirical sequence
of time steps. The shaded circle represents the -typical set
which is quite small compared to but has
probability almost one. The deep shaded circle in the -typical
set is the subset of best sequences such that the return of each
agent is maximized. We see that the probability in (74) is in-
creased by the visible and communication information because
according to Theorem 3 the number of the -typical sequence
is for sufficiently large where
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Fig. 5. Situation near the end of learning process.

has the relationship written as (66). Theorems 1 and 5 clearly
lead us to the following corollary.

Corollary 1 (Sufficient Condition for RM): The bound given
by (58) is a sufficient condition for RM in terms of convergence
in probability.

There may be a tighter actual bound in various situations such
that MDPs have a deterministic rule because the bound was de-
rived under the condition that has no constraint. The first order
of the bound is valid only if holds for every

and also
holds for every . In
such cases, the convergence rate that converges to
zero is bounded by the order and its coefficient is

. The coefficient also implies that in
applications a lot of time steps are required before the agents
can be confident that its policy will do RM, based on the
observations of the environment, especially when the number
of the agents and the size of state and action sets are large.

IV. DISCUSSION AND CONCLUSION

The number of the -typical sequences depends on the con-
ditions among the agents because the number is written as the
exponential function of the SC, as shown in Theorem 3. Hence,
the common information obtained by vision or communication
plays a role for reducing the number of elements in .
Then, how does the information affect RM in the multiagent
case? Recall that the -typical set has probability almost one
because of Theorem 1. To maximize return (in other words, to
obtain the best cooperative result by the agents), obviously the
subset of best sequences has to be included within the -typ-
ical set.3 Hence, it is meaningful to consider the situation of

shown in Fig. 5. Due to Theorem 5, we confirm
that the common information makes the probability of
RM larger. Also, it is interesting that the common information
does not affect the probability of the -typical set (see Theorem
1), which means how fast the policy of the agents reflects on the
probabilistic structure of empirical sequence. The probability is
simply governed by the weak law of large numbers. Note that
these results are a general property which does not depend on
concrete learning methods.

3For example, in multiagent RL, it is achieved under a proper action selection
strategy such that the estimates of the action-value function [2, Sec. 2.3] of each
agent eventually converge to the expected values.

In this paper, we have shown that the AEP holds in the tem-
porarily stationary ergodic MDP in multiagent case. Under a
proper strategy of action selection, the best cooperative result
by the multiple agents is characterized by the -typical set as
the agents’ policy goes to be optimal one. Consequently, using
the AEP, we examined several case studies according to the con-
ditions among the agents and we showed a bound of the con-
vergence speed of the empirical sequences tending to the best
sequence which corresponds to the best cooperative result.

APPENDIX I
LEMMAS

We shall use Lemmas 1-3 to derive the main theorems in
Section III. First, from [8, Lemma 2.2] we obviously obtain the
following lemma which plays a major role in determining the
AEP.

Lemma 1 (Number of Elements in the Set of Possible ): The
size of is upper-bounded by

(75)

Analogously

(76)

Accordingly, the number of elements in the set of possible is
upper-bounded at most by a polynomial order of , that is

(77)

The following lemma states that the discrepancy between the
empirical entropy and the entropy asymptotically goes to zero.

Lemma 2: Let denote the matrix of the conditional
types with respect to the empirical sequence which satisfies

, , and . Then, if ,
we obtain

(78)

(79)
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For the proof of this lemma, see Appendix II-A. The number
of sequences with the same conditional type matrix increases
exponentially for .

Lemma 3 (Bound of ): For every
state sequence with the type and matrix

such that is not empty, it is
bounded by

(80)
Also, for every action sequence and matrix

such that is not
empty and the joint-type is , it is bounded by

(81)

Therefore, for every with the type
and the joint-type and for the matrix , it is bounded
by

(82)

The proof is given in Appendix II-B.

APPENDIX II
ROUGH PROOFS

A. Proof of Lemma 2

From [26], if , then

(83)

Hence, by and (32), the inequality

(84)

is satisfied. In the same way as [8, Lemma 2.7], if ,
then

(85)

Therefore, we have (78). Similarly, (79) is derived.

B. Proof of Lemma 3

First, for simplicity, we define

(86)

and also define

(87)

Since the actions given by have the type , from
[27] we have

(88)

By

(89)

is bounded by

(90)
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Therefore, by

(91)

we obtain (80). In a similar manner, in the sequel, we have
(81) using the Markov-type [22]. Consequently, by the structure
of the -shell which was described in Section II-B, we obtain
(82).

C. Proof of Theorem 1

The PD of is

(92)

Accordingly, (93) and (94), as shown at the bottom of the
page, hold, where

by the cyclic convention. Since
from the definitions of (59) and (62), the PD is

and
(95)

Hence, the PD of is bounded by

(96)

Using (82) and the following bound:

(97)

we obtain

(98)

Let us define the set of the matrix whose empirical se-
quence does not belong to the set of the -typical sequences
as

(99)
Then

(100)
Following along the same lines as [8, Th. 2.15] with (98), we
have

(101)

Since when
, substituting for the minimum value, we obtain (102) and

(103), as shown at the top of the next page. We define

(104)

(93)

(94)
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(102)

(103)

(114)

(115)

(116)

and, hence, as if (58) is satisfied. Also, by (100)
Theorem 1 holds.

D. Proof of Theorem 2

First, let us derive the lower bound. We define

(105)

By (96), we have

(106)

(107)

where (107) is obtained by the nonnegativity of the information
divergence and Lemma 2. Analogously, the upper bound is ob-
tained as follows:

(108)

(109)

Thus, dividing (107) and (109) by , we have (61).

E. Proof of Theorem 3

We first prove the lower bound. Using the fact that
and (82), we have

(110)

(111)

(112)

where (112) is derived from Lemma 2 and

(113)

Next, we consider the upper bound. By (82) and (57), we have
(114)–(116), as shown at the top of the page, where (116) is
derived from Lemma 2 and

(117)

Thus, we have proved the upper and lower bounds in
Theorem 3.

F. Proof of Theorem 5

When the agents’ return is maximized, obviously the subset
of best sequences has to be included within the -typical set.
Hence, holds and then

(118)

From Theorem 1, as

(119)

Since from Theorem 2 every element in has the same
probability for sufficiently large , we have

(120)

Therefore, (74) holds. Also, if the agents’ policy remains op-
timal with probability one, the value of in the SC tends
to zero. Therefore, there is no effect of the conditions in the
probability of RM.

REFERENCES

[1] H. J. Kushner and G. G. Yin, Stochastic Approximation Algorithms and
Applications, ser. Applications of Mathematics. New York: Springer-
Verlag, 1997, vol. 35.

Authorized licensed use limited to: Hiroshima City University. Downloaded on May 18,2010 at 02:54:14 UTC from IEEE Xplore.  Restrictions apply. 



842 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 17, NO. 4, JULY 2006

[2] R. S. Sutton and A. G. Barto, Reinforcement Learning: An Introduction,
ser. Adaptive Computation and Machine Learning. Cambridge, MA:
MIT Press, Mar. 1998.

[3] M. Ghavamzadeh and S. Mahadevan, “A multiagent reinforcement
learning algorithm by dynamically merging markov decision pro-
cesses,” in Proc. 1st Int. Conf. Autonomous Agent Multi-Agent Systems,
C. Castelfranchi and W. L. Johnson, Eds., 2002, vol. 1, pp. 845–846.

[4] R. S. Sutton, “Learning to predict by the methods of temporal differ-
ences,” Mach. Learn., vol. 3, no. 1, pp. 9–44, Aug. 1988.

[5] G. Tesauro, “Practical issues in temporal difference learning,” Mach.
Learn., vol. 8, no. 3, pp. 257–277, May 1992.

[6] A. Arleo, F. Smeraldi, and W. Gerstner, “Cognitive navigation based
on nonuniform gabor space sampling, unsupervised growing networks,
and reinforcement learning,” IEEE Trans. Neural Netw., vol. 15, no. 3,
pp. 639–652, May 2004.

[7] C. E. Shannon, “A mathematical theory of communication,” Bell Syst.
Tech. J., vol. 27, 1948, pp. 379–423 and pp. 623–656.

[8] I. Csiszár and J. Körner, Information Theory: Coding Theorems
for Discrete Memoryless Systems, 3rd ed. Budapest, Hungary:
Akadémiai Kiadó, 1997, 1st impression 1981, 2nd impression 1986.

[9] K. Iwata, K. Ikeda, and H. Sakai, “Asymptotic equipartition property
on empirical sequence in reinforcement learning,” in Proc. 2nd IASTED
Int. Conf. Neural Networks Computational Intelligence, M. Hamza, Ed.
, 2004, pp. 90–95.

[10] ——, “The asymptotic equipartition property in reinforcement learning
and its relation to return maximization,” Neural Netw., vol. 19, no. 1,
pp. 62–75, Jan. 2006 [Online]. Available: http://www.robotics.im.hi-
roshima-cu.ac.jp/~kiwata/

[11] ——, “A new criterion using information gain for action selection
strategy in reinforcement learning,” IEEE Trans. Neural Netw., vol.
15, no. 4, pp. 792–799, Jul. 2004.

[12] M. L. Littman and C. Szepesvári, “A generalized reinforce-
ment-learning model: convergence and applications,” in Proc.
13th Int. Conf. Machine Learning, L. Saitta, Ed., 1996, pp. 310–318.

[13] J. Hu and M. P. Wellman, “Multiagent reinforcement learning: theo-
retical framework and an algorithm,” in Proc. 15th Int. Conf. Machine
Learning, J. Shavlik, Ed., 1998, pp. 242–250.

[14] R. Sun and T. Peterson, “Multi-agent reinforcement learning:
weighting and partitioning,” Neural Netw., vol. 12, no. 4–5, pp.
727–753, Jun. 1999.

[15] J. Hu and M. P. Wellman, “Nash Q-learning for general-sum stochastic
games,” J. Mach. Learn. Res., vol. 4, pp. 1039–1069, Nov. 2003.

[16] G. Chen, Z. Yang, H. He, and K. M. Goh, “Coordinating multiple
agents via reinforcement learning,” Autonom. Agents and Multi-Agent
Syst., vol. 10, no. 3, pp. 273–328, May 2005.

[17] L. Panait and S. Luke, “Cooperative multi-agent learning: the state of
the art,” Autonom. Agents and Multi-Agent Syst., vol. 11, no. 3, pp.
387–434, Nov. 2005.

[18] B. McMillan, “The basic theorems of information theory,” Ann. Math.
Stat., vol. 24, no. 2, pp. 196–219, Jun. 1953.

[19] N. Suematsu and A. Hayashi, “A multiagent reinforcement learning
algorithm using extended optimal response,” in Proc. 1st Int. Conf.
Autonomous Agent Multi-Agent Systems, C. Castelfranchi and W. L.
Johnson, Eds., 2002, vol. 1, pp. 370–377.

[20] I. Csiszár, “The method of types,” IEEE Trans. Inf. Theory, vol. 44, no.
6, pp. 2505–2523, Oct. 1998.

[21] T. S. Han and K. Kobayashi, Mathematics of Information and Coding,
ser. Translations of Mathematical Monographs. Providence, RI:
American Mathematical Society, 2002, vol. 203.

[22] L. D. Davisson, G. Longo, and A. Sgarro, “The error exponent for the
noiseless encoding of finite ergodic Markov sources,” IEEE Trans. Inf.
Theory, vol. 27, no. 4, pp. 431–438, Jul. 1981.

[23] T. M. Cover and J. A. Thomas, Elements of Information Theory, ser.
Wiley series in telecommunications, 1st ed. New York: Wiley, 1991.

[24] G. J. Chaitin, Algorithmic Information Theory, ser. Cambridge tracts
in theoretical computer science. Cambridge, UK: Cambridge Univ.
Press, 1987, vol. 1, reprinted with revisions in 1988.

[25] M. Li and P. Vitányi, An Introduction to Kolmogorov Complexity and
Its Applications, ser. Graduate Texts in Computer Science, 2nd ed.
New York: Springer-Verlag, 1997, 1st edition 1993.

[26] S. Kullback, “A lower bound for discrimination information in terms
of variation,” IEEE Trans. Inf. Theory, vol. 13, no. 1, pp. 126–127, Jan.
1967.

[27] G. Dueck and J. Körner, “Reliability function of a discrete memoryless
channel at rates above capacity,” IEEE Trans. Inf. Theory, vol. 25, no.
1, pp. 82–85, Jan. 1979.

Kazunori Iwata (M’04) received the B.E. and M.E.
degrees from Nagoya Institute of Technology, Aichi,
Japan, in 2000 and 2002, respectively, and the Ph.D.
degree in informatics from Kyoto University, Kyoto,
Japan in 2005.

From April 2002 to March 2005, he was a
Research Fellow of the Japan Society for the Pro-
motion of Science. He has been with the Faculty of
Information Sciences, Hiroshima City University,
Hiroshima, Japan, since April 2005. His research
interests include machine learning, statistical infer-

ence, and information theory.
Dr. Iwata received the IEEE Kansai-Section Student Paper Award in 2005.

Kazushi Ikeda (M’94–SM’06) was born in
Shizuoka, Japan, in 1966. He received the B.E.,
M.E., and Ph.D. degrees in mathematical engi-
neering and information physics from the University
of Tokyo, Tokyo, Japan, in 1989, 1991, and 1994,
respectively.

From 1994 to 1998, he was with the Department
of Electrical and Computer Engineering, Kanazawa
University, Kanazawa, Japan. Since 1998, he has
been with the Department of Systems Science, Kyoto
University, Kyoto, Japan. His research interests are

focused on the fields of adaptive and learning systems, including neural
networks, adaptive filters, and machine learning.

Hideaki Sakai (M’78–SM’02) received the B.E. and
Dr. Eng. degrees in applied mathematics and physics
from Kyoto University, Kyoto, Japan, in 1972 and
1981, respectively.

From 1975 to 1978, he was with Tokushima
University, Tokushima, Japan. He is currently a
Professor in the Department of Systems Science,
Graduate School of Informatics, Kyoto University,
Kyoto, Japan. He spent six months from 1987 to
1988 at Stanford University, Stanford, CA, as a
Visiting Scholar. His research interests are in the

area of adaptive signal processing and time series analysis.
Dr. Sakai has been an Associate Editor of IEEE TRANSACTIONS ON SIGNAL

PROCESSING from 1999 to 2001, and an editorial board member of EURASIP
Journal of Applied Signal Processing from 2001 to 2005.

Authorized licensed use limited to: Hiroshima City University. Downloaded on May 18,2010 at 02:54:14 UTC from IEEE Xplore.  Restrictions apply. 


