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Adaptive Robust Control Schemes of Optimal Long-Term Management
for a Class of Uncertain Ecological Systems
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　　Abstract : The problem of the optimal long-term management is considered for a class of uncertain 
ecological dynamical systems. In this paper, the upper bound of the uncertainties of the exploited 
ecosystems is assumed to be unknown. An improved adaptation law with σ- modification is employed to 
estimate such an unknown bound, and a class of continuous adaptive robust state feedback control 
schemes is proposed. It is also shown that the proposed adaptive robust state feedback control schemes can 
guarantee the uniform asymptotic stability of the optimal steady state of exploited ecosystems in the 
presence of uncertainties. Finally, as a numerical example, an uncertain exploited ecosystem with two 
competing species is given to demonstrate the validity of the results.
　　Key Words: Ecosystems, biomass, optimization, uncertainties, robustness, adaptive control, 
asymptotic convergence.

1. Introduction

　　In the problem of the environmental management, there is a class of ecological systems which are 
often employed to describe the dynamics of some species. It is quite important to consider the optimal 
long-term management problems of exploited dynamical ecosystems in nature.
　　It should be pointed out that a real ecosystem in nature will be usually subject to some continually 
acting unpredictable disturbances due to diseases, migrating species, changing in climatic conditions, and 
so on. Thus, it is necessary to propose some optimal management schemes which can guarantee the 
convergence of the optimal steady state of a real ecosystem in the presence of acting unpredictable 
disturbances. Therefore, the problem of the optimal long-term management of uncertain ecosystems has 
received considerable attention of many researchers, and some approaches to designing some optimal 
management schemes have been developed (see, e.g. [1,2],[7]-[10], and the references therein). In [1], for 
example, a class of robust state feedback control schemes is proposed to guarantee the uniform ultimate 
boundedness of the optimal steady state for a class of uncertain dynamical ecosystems. However, the 
control schemes proposed in [1] cannot guarantee the asymptotic convergence of the optimal steady state 
of exploited ecosystems in the presence of uncertainties. In addition, some minimax controllers proposed 
in [5,6] can be applied such a class of uncertain dynamical ecosystems to obtain some asymptotic results. 
However, the minimax controller is discontinuous, and under such a discontinuous controller, a solution to 
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dynamical systems in the usual sense may not exist.
　　Moreover, for the exploited ecosystems with significant uncertainties, the upper bounds of the vector 
norms on the uncertainties have been supposed in [1] to be known, and such bounds are employed to 
construct some types of robust state feedback control schemes. However, in real ecosystems, such bounds 
may be unknown, or be partially known. In some cases, it may also be difficult to evaluate their upper 
bounds. Therefore, for such a class of uncertain dynamical ecosystems, whose uncertainty bounds are 
partially known, an adaptive scheme should be introduced to update these unknown bounds to construct 
some types of adaptive robust state feedback control schemes. In the past decades, few efforts are made to 
consider the problem of adaptive robust control problem for uncertain ecosystems with the unknown 
bounds of uncertainties or perturbations. For instance, based on the approaches presented in [3,4], a class 
of adaptive robust state feedback control schemes is proposed in [2] for such uncertain ecosystems. 
However, the adaptive robust control schemes proposed in [2] are essentially a class of switching 
controllers. It is obvious that the switching controller may lead to the so-called chattering phenomenon. 
On the other hand, a class of continuous adaptive robust state feedback controllers has been proposed in 
[12], which might be applied to the problem of the optimal long-term management of uncertain 
ecosystems. It should be pointed out that the adaptive robust controllers proposed in [12] do not produce 
the asymptotic convergence of uncertain systems; instead, the ultimate boundedness is achieved. That is, 
by employing the adaptive robust state feedback controllers proposed in [12], one cannot guarantee that 
the states converge asymptotically to zero.
　　In this paper, similar to [1,2], we also consider the problem of the optimal long-term management of 
uncertain ecological dynamical systems. We suppose that the upper bounds of the uncertainties of the 
exploited ecosystems are unknown. For such a class of uncertain dynamical ecosystems, we employ an 
improved adaptation law with σ-modification, proposed in [11], to estimate the unknown bounds. Then, by 
making use of the updated values of these unknown bounds we construct a class of continuous adaptive 
robust state feedback control schemes. We also show that the proposed adaptive robust state feedback 
control schemes can guarantee the uniform asymptotic stability of the optimal steady state of exploited 
ecosystems in the presence of such uncertainties. Since the adaptive robust state feedback control schemes 
proposed in this paper are continuous, our continuous control schemes can guarantee the existence of the 
solutions to the exploited ecosystems in the usual sense, and can also be directly implemented in the 
practical problems of the optimal long-term management of uncertain dynamical ecosystems. 
　　The paper consists of the following parts. In Section 2, the problem to be tackled is stated and some 
standard assumptions are introduced. In Section 3, a class of continuous adaptive robust state feedback 
control schemes is proposed and the corresponding stability analysis is made. In Section 4, as a numerical 
example, an uncertain ecosystem with two competing species is given to illustrate the validity of the 
results. Finally, the paper concludes in Section 5 with a brief discussion of the results obtained in the paper.

2. Problem Formulation and Assumptions

　　Similar to [1,2], we also consider a class of exploited ecosystems. Here, their nominal model is 
described by the following nonlinear differential equations:
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   (1a)

   (1b)
where   is an  -dimensional biomass vector, its  th component   representing the biomass of 
the  th species at time  , and   is defined by

  

Here, the function   is assumed to be continuous and bounded. Moreover, the matrix 
  is defined as a diagonal matrix as follows.

  

In general, for any  , the constant   represents the constant harvest effort for the  th 
species, and for a given non-empty set  , a constant harvest effort vector   is 
said to be admissible if  .
A. Optimal steady state harvesting:
　　We suppose that corresponding to each constant harvest effort  , there is a unique equilibrium 
state   of the nominal ecosystems described by (1), i.e.
   (2) 
　　Let   be the admissible constant harvest effort such that for any given constant vector 
 , which is called constant price vector, there exists an optimal solution to the 
following maximization problem, i.e.

   (3)

Let   be the equilibrium state corresponding to  . Thus, it follows from (1) that under optimal steady 
state harvesting, the exploited ecosystems can be described by

   (4a)

   (4b)
That is, the solutions to ecosystem (4) will converge to optimal steady state  .
B. Ecosystems with uncertainties:
　　It is obvious that if the exploited ecosystem (4) is not subjected to disturbances, the harvest rate   
is indeed optimal for the long-term management of the ecosystems. That is, the equilibrium state   is an 
optimal steady state. However, it is well known that similar to any actual dynamical systems, a real 
ecosystem in nature should include some uncertainties. In fact, any real ecosystem will be usually subject 
to some continually acting unpredictable disturbances due to diseases, migrating species, changing in 
climatic conditions, and so on. Therefore, a modified ecosystem may be described by

   (5a)

   (5b)
where   represents the system perturbations which are assumed to be bounded in 
magnitude, usually in its Euclidean norm denoted by ∥・∥.
　　It is worth noting that the optimal exploited ecosystem may deviate from its equilibrium state  , and 
the constant harvesting effort   may be no longer optimal in the presence of acting unpredictable 
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disturbances. Therefore, for uncertain exploited ecosystems, we have to introduce a control function which 
is designed to compensate the effect of uncertainties on a real exploited ecosystem. Thus, the exploited 
ecosystem (5) can be further modified as follows.

   (6a)

   (6b)
where   is the control vector to be synthesized, its  th component   representing a control on 
the growth or decay rate of the biomass of the  th species at time  .
C. The transformation of ecosystems:
　　Note that in the ecosystems, the variable   represents a biomass vector, and  . In order to 
synthesize a control law, we want to find a continual diffeomorphism   such that for any  ,
   (7)
　　It can be easily verified that for any  ,

   (8)

is such a diffeomorphism. Therefore, by employing such a diffeomorphism, the exploited ecosystem (6) 
can be transformed to the following form:

   (9a)

   (9b)
where

  

Here, in terms of the definition, the function   is still an unknown perturbation function which is 
bounded in magnitude (see Assumption 2.2).
　　Now, the problem is to design some state feedback controllers such that the uncertain ecosystem 
described by (9) is asymptotically stable at the original state   = 0, which means that the solutions to the 
exploited ecosystem described by (5) can converge asymptotically to the optimal steady state   in the 
presence of acting unpredictable disturbances.
D. Assumptions:
  Before giving our synthesis approach, we introduce for uncertain ecosystem (9) the following standard 
assumptions.
　　Assumption 2.1. The origin   = 0 is an uniformly asymptotically stable equilibrium point in the large 
for the unforced nominal system of the uncertain ecosystems described by (9). More specifically, we 
assume that there exists a   function  , such that for all  
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   (10)

   (11)

where the scalar functions  ,   = 1, 2, are of  -class, and   of  -class.
　　Assumption 2.2. The uncertain function   is bounded in Euclidean norm. 
Moreover, there exists a known nonlinear function   and an unknown constant vector 
  such that for all   and all   ＞

－
  0 we have

   (12)
where

  

and where for any  ,   ＞ 0 for all z such that ∥ ∥＞ 0, and without loss of 
generality, the nonlinear function   ＞ 0 are assumed to be continuous, uniformly bounded with respect 
to time, and locally uniformly bounded with respect to the state  .
　　Without loss of generality, we also introduce the following definition:

  

where   is any given positive constant. It is obvious from Assumption 2.2 that  is still an unknown 
positive constant.
　　Remark 2.1. In this paper, Assumption 2.1 shows that the unforced nominal system must be 
internally stable in the sense that there exists a Lyapunov function. Indeed, in order to guarantee robust 
stability of uncertain dynamical systems, their nominal systems must be stabilizable. Assumption 2.2 
defines the uncertainty bands (in general state dependent) for the uncertain function   which are 
partially known, i.e. they are linear in some unknown constant parameters. 
　　Remark 2.2. For the uncertain exploited ecosystems described by (6), under the assumptions given 
above, a class of adaptive robust state feedback control schemes is proposed in [2]. However, the adaptive 
robust control schemes proposed in [2] are essentially a class of switching controllers. It is obvious that 
the switching controller may lead to the so-called chattering phenomenon. In this paper, we will propose 
a class of continuous adaptive robust state feedback control schemes, which can guarantee the uniform 
asymptotic stability of the optimal steady state of exploited ecosystems where the upper bound of the 
uncertainties is described in Assumption 2.2.

3. Adaptive Robust Control Scheme

　　In this section, we propose a class of continuous adaptive robust controllers such that uniform 
asymptotic stability of the uncertain ecosystem described by (9) is asymptotically stable at the original 
state   = 0, i.e. the solutions to the exploited ecosystem described by (5) can converge asymptotically to 
the optimal steady state   in the presence of acting unpredictable disturbances. For simplicity, we define
  
　　Here, we propose for system (9) the state feedback controller described by
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   (13)

where   is a known nonlinear function defined by

   (14)

and where   is any positive uniform continuous and bounded function which satisfies

   (15)

where   is any positive constant.
　　In particular, the function   in (14) is the estimate of the unknown parameter  , 
which is updated by the following adaptation law:

   (16)

where   is any given positive constant, and   is finite.
　　Applying (13) to (9) yields a closed-loop nonlinear exploited ecosystem of the form

   (17)

Moreover, we define that
  
Then, we can rewrite (16) as the following error system

   (18)

　　Remark 3.1. Under the assumptions stated in Section 2, it is obvious that both closed-loop nonlinear 
exploited ecosystem (17) and error system (18) are continuous, and the existence of the solutions to (17) 
and (18) in the usual sense can well be guaranteed. Moreover, the continuous controller given in (13) with 
the estimate   under a continuous updating law (16) can be implemented easily in practical control 
problems.
　　Remark 3.2. From Assumptions 2.1 and 2.2, we can know that the state feedback controller proposed 
in (13) is uniformly continuous. Moreover, from (13) we can easily prove that
  
which shows that the control   is locally uniformly bounded when the solution of error system (18) 
exists, where we require for the unknown parameter  to be positive.
　　In the following, by the pair   we denote the solutions to the adaptive closed-loop exploited 
ecosystems described by (17) and (18). Thus, we have the following theorem which shows that the state 
  of uncertain exploited ecosystem (9) under state feedback controller (13) with the estimate   given 
in updating law (16) can converge asymptotically to zero.
　　Theorem 3.1. Consider the adaptive closed-loop exploited ecosystems described by (17) and (18) 
satisfying Assumptions 2.1 and Assumption 2.2. Then the solutions   to (17) and 
(18) are uniformly bounded and
   (19)
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for any given initial condition  .
　　Proof : For the adaptive closed-loop ecosystems exploited described by (17) and (18), we first define 
a Lyapunov function candidate as follows.

   (20)

where   is a Lyapunov function, which has been given in Assumption 2.1, for the unforced 
nominal system of (9), and   is a positive constant which has been given in (16).
　　Let   be the solution of the adaptive closed-loop exploited ecosystems described by (17) 
and (18) for any   ＞

－
   . Then by taking the derivative of   along the trajectories of (17) and (18) it can 

be obtained that for any   ＞
－
   ,

 
 

 (21)

　　From Assumption 2.1 and Assumption 2.2 we can obtain that for any   ＞
－
   ,

 
 

 (22)

　　Notice the fact that for any positive constant   ＞ 0,
  
Then, from (22) we can further obtain that for any   ＞

－
   ,

 
 

 (23)

　　Then, by introducing (18) into (23), we can obtain the following inequality:
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 (24)

　　Moreover, by substituting (13) into (24), we can obtain that for any   ＞
－
   ,

   (25)

　　Then, in the light of the inequality of the form

  

from (25) we can obtain that for all  ,

   (26)

　　Moreover, letting

  

we can obtain from (26) that for any   ＞
－
   ,

   (27)

　　On the other hand, in the light of the definition of Lyapunov function given in (20), we can have that 
for any   ＞

－
   ,

   (28)
where

  

　　Now, from (27) and (28), we want to show that the solutions   to the adaptive closed-loop systems, 
described by (17) and (18), are uniformly bounded, and that the state   converges asymptotically to zero.
　　By the continuity of the adaptive closed-loop systems described by (17) and (18), it is obvious that 
any solution   to the system is continuous.
　　It follows from (27) and (28) that for any   ＞

－
   ,

 
 

 (29)

　　Therefore, from (29) we can obtain the following two results. First, taking the limit as   approaches 
infinity on both sides of inequality (29), we can obtain that

   (30)

It follows from (30) that
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   (31)

　　On the other hand, from (29) we also have

   (32)

Note that for any   ＞
－
   ,

   (33)

It follows from (32) and (33) that
   (34)
which implies that   is uniformly bounded. Since   has been shown to be continuous, it follows that 
  is uniformly continuous, which implies that   is uniformly continuous. Therefore, it follows from 
the definition that   is also uniformly continuous. Applying the Barbalat lemma [13] to inequality 
(31) yields that

   (35)

Furthermore, since   is of  -class (see Assumption 2.2), from (35) we can have

  

which implies that (19) is satisfied. Thus, we can complete the proof of this theorem. ∇∇∇
　　Remark 3.3. From Theorem 3.1, the controller proposed in (13) can guarantee that the uncertain 
exploited ecosystem described by (9) is asymptotically stable at the original state   = 0. Moreover, in 
the light of the definition, given in (8), of the diffeomorphism  , that the solutions to the uncertain 
exploited ecosystem described by (5) can converge asymptotically to the optimal steady state   in the 
presence of acting unpredictable disturbances.

4. An Illustrative Example

　　To illustrate the utilization of our approach, in this section, we consider an ecosystem with two 
competing species described by the following differential equations [1,2]:

   (36a)

   (36b)

where   is a biomass vector, and  ,  , representing the biomass of 
the  th species at time  , which   is defined by

  

Moreover, for any  ,   is a constant harvest effort.
　　For the exploited ecosystems described by (36), if both species are of equal commercial value, it can 
be obtained that the total harvest rate at equilibrium population is maximized for   = 25 / 61, and   = 36 
/ 61; the corresponding equilibrium values of   and   are   =   = 20/ 61. Thus, under optimal 
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steady state harvesting, (36) can be given by

   (37a)

   (37b)

　　If exploited ecosystem (37) is not subjected to disturbances, then the harvest rate is indeed optimal 
for the long-term management of the ecosystems, that is, in the steady state. Similar to [1,2], due to 
diseases, migrating species, and changing in climatic conditions, a practical ecosystem can be modified as 
follows.

   (38a)

   (38b)

where   and   are any uncertain functions which are assumed to be bounded, and   and   
are two control functions which will be designed such that uncertain ecosystem (38) is stabilizable at the 
optimal steady equilibrium state   in the presence of uncertainties.

　　 Note that in ecosystem (38),  , i.e.   ＞ 0 and   ＞ 0. Now, we

consider the transformation:

  

Then, it can be verified that ecosystem (38) becomes

   (39a)

   (39b)

　　Now, the problem is to design some adaptive robust controllers such that uncertain ecosystem (39) is 
asymptotically stable at the original state   = 0, which means that the state of exploited ecosystem (38) 
can converge asymptotically to the optimal steady state   in the presence of uncertainties.
　　Here, the unforced nominal system of (39) is given by

   (40a)

   (40b)

　　For unforced nominal system (40), there is a Lyapunov function of the form

   (41)

which establishes global asymptotic stability of unforced nominal system (40) for the equilibrium at   
≡ 0 (see, for the details, [1,2]).
　　On the other hand, it can be easily observed that the known nonlinear function   is given by

   (42)

i.e.
   (43)
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where the unknown parameter   is the maximum bound of   and  . In addition, it can be verified 
easily that

   (44)

　　Thus, for uncertain nonlinear ecosystem (39), from (13) and (16), we can obtain an adaptive robust 
state feedback controller, by which the solutions of the resulting adaptive closed-loop exploited ecosystem 
can be guaranteed to be uniformly bounded, and the states   are uniformly asymptotically stable. That 
is, the states   of exploited ecosystem (38) can converge asymptotically to the optimal steady state   in 
the presence of uncertainties.
　　Here, for the controller described by (13), we select that   = 8.0 exp{－0.5 } and   =1.0. For the 
adaptation law described by (16), we select   =2.0.
　　Thus, for simulation, we give the uncertain functions   and  , and the initial conditions of   
and   as follows.

  

　　With the chosen parameter settings, the results of a simulation are shown in Figs.1-4 for the 
numerical example.
　　In Fig.1, it can be known that if there are no disturbances, the exploited ecosystems described by (37) 
can indeed converge asymptotically to the optimal steady state  , evenif no control strategies are 
employed. However, it is obvious from Fig.2 that if one does not make a control effort, the exploited 
ecosystems described by (37) can not converge to an optimal steady state   in the presence of 
uncertainties. Thus, it can be observed from Fig.3 that by employing the adaptive robust control strategies 
proposed in the paper, one can guarantee that the exploited ecosystems converge asymptotically to the 
optimal steady state   in the presence of perturbations. Finally, it can be known from Fig.4 that similar to 
the conventional adaptation law with  -modification, the improved ones make indeed the estimate values 

Fig.1. Harvested system, undisturbed and uncontrolled. Fig.2. Harvested system, disturbed and uncontrolled.
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of the unknown parameters bounded.

5. Concluding Remarks

　　The problem of the optimal long-term management has been considered for a class of uncertain 
ecological dynamical systems. In this paper, it has been supposed that the upper bound of the uncertainties 
of the exploited dynamical ecosystems is unknown. For such a class of uncertain ecosystems, a class of 
continuous adaptive robust state feedback control schemes has been proposed. It has been also shown that 
the proposed adaptive robust state feedback control schemes can guarantee the uniform asymptotic 
stability of the optimal steady state of exploited ecosystems in the presence of uncertainties. Since the 
adaptive robust state feedback control schemes proposed in this paper are continuous, our continuous 
control schemes can also guarantee the existence of the solutions to the exploited ecosystems in the usual 
sense, and can also be directly implemented in the practical control problems.
　　Finally, a numerical example is given to demonstrate the design procedure for the proposed adaptive 
robust state feedback control schemes. It is shown from the example and the results of its simulation that 
the results obtained in the paper are effective and feasible. Therefore, our results may be expected to have 
some applications to real ecosystems in nature.
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