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Summary

This paper presents considerations on syllabuses of mathematical and management optimization. The 
lectures “Mathematical and Management Optimization” belong to the English track of the Faculty of 
Management and Information Systems, Prefectural University of Hiroshima. The study of two lectures 
research mathematical optimization applied to planning, design, and operation on management. The 
research topics are almost about full-scale simulations by developing sparse and large-scale management 
software system of mathematical planning. In particular, both algorithms and data structures are studied for 
knowledge information systems. Moreover, their practices are exercised by Excel Solver and by full-scale 
Mathematical Programming System Fico-Xpress, and the instances performed by a virtual computer are 
discussed.

1. Introduction

Regarding logistics, the reason prices don’t go down is because of the intricate distribution system. The 
distribution system is largely changed into business logistics described as the following: to manufacture in 
an enterprise, material and components are supplied by companies. In the enterprise, production is planned 
together with inventory management. In the production scheduling, there are open, flow, and job shop and 
so on. By transportation planning, the manufactured products are sent from the enterprise to distribution 
centers, and are stored. The stored products, i.e., goods are delivered from the distribution center to 
customers and consumers through vehicle routings. Reversely from the customers and consumers, the 
information on estimated demand is transferred to the department of information in the enterprise.
　　In the beginning, a technical term “Logistics” implies the supply of weapons and provisions in an 
army. Nowadays the term is not only the meaning of supply process, but also the meaning of the life cycle 
of goods and products. And there is a difference between transport and delivery. The transport means the 
sending from a manufacturing factory to each distribution center. On the other hand, the delivery means the 
passing from the distribution center to each customer or consumer.
　　Nowadays, so many books have been published in the field of mathematical programming [1-
7]. Recently, many solution methods such as fuzzy optimization, multiobjective programming, genetic 
algorithm, tabu search, simulated annealing, neural network, etc. are researched on mathematical planning. 
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In the trial simulation based on these methods, there are some parameters in the software developed by the 
methods. The specific values of the parameters can not be explicitly determined. That is to say, a suitable 
solution is not always obtained if the parameters are wrong. Even if proper parameters are decided for one 
problem, there is no guarantee that the decided parameters are excellent on the similar and other problems. 
　　Moreover, in a practical problem of mathematical planning, there is no obvious formation and hence 
an obscure equation in determining an objective function. That is, it is impossible to determine the values 
of coefficients in the objective function because each coefficient has an obscure degree of priority.
　　The lectures “Mathematical and Management Optimization” belong to the English track of the Faculty 
of Management and Information Systems, Prefectural University of Hiroshima. The study of two lectures 
research mathematical optimization applied to planning, design, and operation on management [8-33]. The 
research topics are almost about full-scale simulations by developing sparse and large-scale management 
software system of mathematical planning. In particular, both algorithms and data structures are studied for 
knowledge information systems. Moreover, their practices are exercised by Excel Solver and by full-scale 
Mathematical Programming System Fico-Xpress [34], and the instances performed by a virtual computer 
are discussed.
　　This paper presents considerations on syllabuses of mathematical and management optimization in 
English track. This is summarized contents that collect teaching materials. Chapter 2 describes a syllabus of 
mathematical optimization, and Chapter 3 shows that of management optimization. Chapter 4 summarizes 
basic mathematics utilized in the lectures. Chapter 5 explains further considerations by teaching materials. 
Section 5.1 is about artificial intelligence, and Section 5.2 is on scheduling problems. Section 5.3 explains 
applications for simple patents on structures, and Section 5.4 is applications for simple patents on 
encryption. Section 5.5 is a practice about mask letters (, i.e., masked characters) by RAS encryption.
　　The papers described in English carefully [35, 36] are references [8, 10-12, 16-19, 22, 24, 26-28]. 
Each of the other reference papers has an only summary stated in English, and the other contents of the 
papers of mine are written in Japanese.

2. Syllabus on Mathematical Optimization

This module researches mathematical optimization applied to operation and planning. The research topics 
are about full-scale numerical simulation by solving mathematical planning problems. In particular, linear 
and nonlinear programming is studied in the field of mathematical programming. Moreover, their practices 
are exercised by full-scale Mathematical Programming System Fico-Xpress and by Excel Solver, and the 
instances are discussed. This lecture is more useful than pure mathematics, e.g., linear algebra and calculus.
　　The fifteen lectures are as follows.
1. Introduction [8, 9]
This researches mathematical optimization applied to operation and planning on management. The research 
topics are almost about numerical simulations by developing sparse and large-scale management software 
system of mathematical planning.
2. Other topics [10-14, 20, 21, 29, 33]
This lecture proposes three kinds of sparse data structures, that is, a matrix with rows and columns, spread 
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sheets, and search trees. All of the three data structures treat sparse and large-scale in search and/or its data 
stored.
3. Linear programming ; Matrices [37]
This lecture considers that a complete development and understanding of the theoretical and computational 
aspects of linear programming requires the blending of the basic concepts and techniques of a number of 
mathematical topics. 
4. Linear programming ; Linear inequalities [37]
This lecture considers that any set of linear expressions can be transformed into an equivalent set of linear 
equations with nonnegative variables. The heuristic approach searching from a bird’s-eye view cannot be 
applied to the hyperspace expressed by an independent variable vector with a large dimension. 
5. Linear programming ; Solution of simultaneous linear equations [37]
This lecture considers a simple computational scheme applied to any nonsingular system to obtain the 
solution vector and/or the inverse.
6. Practice by Fico-Express and Excel Solver [37]
This practice is about linear programming (LP) by a spread sheet of Excel. Also, Fico-Express, i.e., 
mathematical programming system (MPS) is applied to integer programming problems.
7. Trade area model [22, 23]
This lecture studies subjective distances in trade area model around the new Hiroshima baseball stadium. 
This study considers data of necessary times needed to come through the routes, cycle times of traffic 
signals, and the population of towns around the new stadium. 
8. Practice on linear transportation [24]
This practice is about linear optimal transportation. Transport amounts from production areas to consumer 
areas are decided by planning transportings.
9. Nonlinear programming ; Fundamentals of unconstrained optimization [38]
Unconstrained optimization minimizes or maximizes an objective function that depends on real variables, 
with no restrictions at all on the values of these variables. The unconstrained optimization algorithms 
choose sequential points, and they try to do so in a way that identifies a solution reliably without using too 
much computer time or storage. 
10. Nonlinear programming ; Unconstrained optimization algorithm [38]
The only way to find out whether a point is a local minimum is to examine all the points in its immediate 
vicinity, to make sure that none of them has a better function value. When the objective function is smooth, 
there are much more efficient and practical ways to identify local minima. 
11. Integer programming ; Branch-and-bound method [39]
Mathematical programming system utilizes the branch-and-bound method for integer programming. 
This method is based on the idea of intelligently enumerating all the feasible points of a combinatorial 
optimization problem. 
12. Integer programming ; Example by branch-and-bound [40]
The branch in branch-and-bound refers to the partitioning process; the bound refers to lower bounds that 
are used to construct a proof of optimality without exhaustive search. The branch-and-bound tree for 
an example is given. Each node of the tree graph represents a candidate problem. This lecture explains 
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technical terms, e.g., the best solution etc.
13. Subtour elimination of symmetric TSP [27]
The purpose of the TSP (Traveling Salesman Problem) is to minimize the traveling distance in a tour, 
and the objective of the tour is to go round through all cities (namely, nodes). This lecture considers the 
necessary and sufficient condition on the subtour elimination constraints in the formulation of an integer 
programming problem of the symmetric TSP.
14. Practice on TSP minimizing traveling distance [32]
This practice is about the formulation of the TSP. Products are delivered from a center to customers by only 
one routing of TSP.
15. Logistics optimization [24, 32]
This lecture presents a consideration on optimizing formulations of logistics. In order to treat the transport 
and distribution as combinatorial optimization problems, technical algorithms are researched and their 
software are constructed.

3. Syllabus on Management Optimization

This module researches mathematical optimization applied to design and planning. The research topics 
are about full-scale simulation on management planning, and in particular scheduling and mathematical 
planning are studied. Their practices are exercised by full-scale Mathematical Programming System 
Fico-Xpress, and the instances are discussed. Moreover, constraint satisfaction, expert system, multiple 
encryptions and simple patents on structure are discussed.
　　The fifteen lectures are as follows.
1. Introduction [8, 9]
This researches mathematical optimization applied to planning, design, and operation on management. The 
research topics are almost about numerical simulations by developing sparse and large-scale management 
software system of mathematical planning. In particular, both algorithms and data structures are studied 
for knowledge information systems. The study is on optimized management of mathematical planning and 
structure modeling.
2. Constraint satisfaction [15-19]
This lecture presents an approximation method for obtaining a feasible solution of a large-scale assignment 
problem in which several constraints exist for each period and all assignments are adjusted according to 
predetermined priority order. In the method, a set of integer variables to be changed is chosen by means of 
search trees, and then the integer variables are changed.
3. Expert system [41]
This lecture stresses that the heart of an expert system is its corpus of knowledge, structured to support 
decision making. The structure of an expert system is described. Expert systems utilize heuristics because 
the tasks that systems undertake are typically difficult and poorly understood.
4. Scheduling by artificial intelligence [16, 15]
This lecture of artificial intelligence treats a general scheduling problem as a generalized assignment 
problem. This is an instance of finding a better scheduling than the scheduling obtained by an expert or 
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professional. The general scheduling is one of constraint satisfaction problems.
5. Linear and integer linear optimization [40]
This lecture describes linear and integer linear optimization problems. The major goal is to develop the 
theory of linear and integer linear optimization in a unified manner and then demonstrate how to use this 
theory to solve very large real world problems.
6. Numerical optimization modeling [38]
This lecture explains modeling on mathematical planning. The process of identifying objective, variables, 
and constraints for a given problem is known as modeling. The construction of an appropriate model is the 
first step in the optimization process.
7. Numerical optimization SQP [38]
This lecture describes sequential quadratic programming (SQP) for solving nonlinear programming 
problems. One of the most effective methods for nonlinearly constrained optimization generates steps by 
solving quadratic subproblems.
8. Logistics and facility location [26, 25, 31, 32]
This lecture presents a mathematical formulation of a transportation planning and facility location problem 
for 34 cities in four prefectures of the Shikoku region. The formulation determines locations, i.e., cities in 
which facilities are located, and transport amounts from a located city to other cities are decided.
9. Practice on nonlinear transportation and facility location [26]
This practice is about a mathematical formulation of a transportation planning and facility location 
problem. The facility capacity of each city is chosen from three levels, i.e., large, middle, or small level. 
Also the formulation considers an upper bound for the number of cities located.
10. Definition of scheduling problems [42]
This lecture describes that scheduling problems are characterized by the three sets: set T of n tasks, set P of 
m processors (machines), and set R of s types of additional resources R. There are two general constraints 
in classical scheduling theory. Each task is to be processed by at most one processor at a time (plus possibly 
specified amounts of additional resources) and each processor is capable of processing at most one task at a 
time.
11. Production scheduling [42]
This lecture explains three models of processing sets of tasks: flow shop, open shop, and job shop. To 
describe these models more precisely, we assume that tasks form subsets, each subset called a job. That is, 
a job is divided into tasks, and the two adjacent tasks are to be performed on different processors.
12. Simulation by incremental method for job shop [28]
This lecture presents an incremental method by constant time for solving job shop scheduling problems. 
Also the proposed method is applicable to the modified job shop scheduling problem in which preceding 
relations are altered, i.e., there are a few preceding processing operations.
13. Practice on job shop scheduling [28]
This practice is about the job shop problem for scheduling a set of jobs on a set of machines. This JSS 
problem is subject to both the constraint that each machine can handle at most one job at a time and the fact 
that each job has a specified processing order through the machines.
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14. Application on multiple encryptions [30, 8, 31]
This lecture proposes multiple encryptions and encrypted redundant letters of an OS command. Using 
multiple key pairs, the numerical values are encrypted by each of the multiple public keys, and decrypted 
by each of the multiple private keys according to the reverse order. By practicing mask letter, RSA 
encryption by public and private keys is introduced.
15. Application by simple patents on structure [30, 8]
This lecture presents practical instances on MOT (Management of Technology) finding ideas of industrial 
patents. The importance on a patent is not to write the document of the patent based on experiments. 
Noticing the idea on the patent is most valuable. The several instances are on the following structures : a) 
a violin, b) an engine, c) a rotary engine, d) weakening sea waves by embankment, and e) wind blowing 
across a flying airplane.

4. Review of Basic Mathematics

The notations and definitions in this chapter are written in Refs. [38, 37, 1, 43, 44]. 
　　We consider the following quadratic equation

When solving this equation, the equation is transformed into the following and then the formula of the 
roots (solutions) is obtained:

Generally speaking, there is no formula for obtaining a solution to an equation of which power is fifth or 
more. Newton method finds a solution to the following equation with fifth power:

　　Now we express the first derivative of f(x) as ∇f(x). This is the slope of tangent line, i.e., gradient. 
The second derivative ∂

2f

∂x2  (change ratio of the slope) is called Hessian ∇2f(x).

　　By the Newton method, the following steps are repeated.
Step 1: Draw a tangent line.
Step 2: Obtain an intersection of x axis.
That is, for x = xi,

For example, we consider f(x)= x2- 4x +3. For xi= 4, from the equation

we obtain xi+1= 13
4 .

(Also Newton found the gravity of the earth when seeing an apple dropping from a tree.)
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　　A two-dimensional vector function C(x) is defined by

where the notation T means its transposed vector. Also we define the following 3-dimensional variable

(The Jacobian is expressed by

where x is an n-dimensional vector.)
Then

　　About the function f(x), the approximate linear function at point xi is as follows.

The approximate quadratic function at point xi is below.

For example,

For xi = 2, the values are the followings.

The function f(x) is tranformed to an approximate linear function as the following:

Also to approximate quadratic function:

　　For example, we consider function f(x)= 10(x2-x1
2)2+(1-x1)2 at the k-th point xk=(x1

k x2
k) = (0 1) 

[38]. (Using coefficient 100 instead of 10, it becomes Rosenbrock function [6, 1].)
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　　In the above, by means of the next differentiation of a composite function, we get the gradient.

Hence,

Next,　　　　if　　　　 then

For example,

　　By the way, there is no formula for two dimensions of x =(x1 x2) or more. The following two 
equations are necessary for unknown two variables.

(The constrained load flow (CLF) problem [10, 11] with a few hundreds or more variables in electric power 
system can be solved by the software developed by the author. This is the doctor thesis [33].) This is solved 
as the following mathematical programming problem which minimizes the residual values:

Also it is solved by the following iterative procedures of Newton-Raphson method.

This method can be utilized for solving the problem with multi variables and equations.
　　Nowadays, in up-to-date methods, Hesse matrix (Hessian) ∇2f(x) is not always calculated at each 
point xi. The Hessian ∇2f(x*) of an optimal solution x* is calculated gradually, i.e., little by little, 
maintaining the sparsity of matrix ∇2f(x).

　　Let’s consider the next symmetric matrix A=
a11　a12[　　　   ]a21　a22  (a12= a21). If and only if matrix A is positive 

definite, then
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(This is the necessary and sufficient conditions.)
　　For example, matrix 3　-1[　　　]-1　2  is positive definite because

For any direction vector P= (P1 P2) = (x1
i+1-x1

i x2
i+1-x2

i)( ≠ zero vector), the following equation is always 
satisfied.

　　If two (orthogonal) vectors intersect (cross) at right angle, then the inner product is always zero. For 
example, the product of two vectors [3   1]T and [-1   3]T is zero (scalar), i.e.,

About two vectors, each of which has three elements, there are two inner products as follows.

where [a1 a2 a3]T and [b1 b2 b3]T are vectors.

5. Further Considerations by Teaching Materials

5.1 Artificial intelligence

In the field of artificial intelligence, the technique for solving the generalized assignment (GA) problem 
[15-19] is applicable to a general problem solver for goal-seeking. Because the solver can seek a goal state 
by solving the GA problem. The solver utilizes the priority order and tabu list.
　　The study of artificial intelligence treats a general scheduling problem as the GA problem. In the 
GA problem, there are multiple constraints for each period and the problem is formalized with multiple 
objects of the same type of resource. The general scheduling is one of constraint satisfaction problems. The 
scheduling takes into consideration the assignment of staff, objects, money, and so forth. This is an instance 
of finding a better scheduling than the scheduling obtained by an expert or professional.
　　This is the first study on the search method which constructs many search trees efficiently by 
exploiting the sparse data structure. The search trees are dynamically constructed if necessary. The software 
of the search method can find a better solution than by inference and reasoning. That is, the software can 
search more deeply than an expert.
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5.2 Scheduling problems

In general, scheduling problems are characterized by the three sets [42]:
　　　set T = { T1, T2, ・・・, Tn } of n tasks,
　　　set P = { P1, P2, ・・・, Pm } of m processors (machines) and
　　　set R = { R1, R2, ・・・, Rs } of s types of additional resources R.
Scheduling, generally speaking, means to assign processors from P and (possibly) resources from R to 
tasks from T in order to complete all tasks under the imposed constraints.
　　Fig.1 illustrates an example of uniform processor speeds bi [42]. By the same expressions in the Ref., 
Fig.2 shows the examples of job shop scheduling problems of Ref. [45].  Fig.3 illustrates precedence 
relations in modified job shop problems [28].

Fig.1　Tasks by processors

Fig.2　Examples of job shop scheduling
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Fig.3　Precedence relations in modified problems

5.3 Applications for simple patents on structures

The importance on a patent is not to write the document of the patent based on experiments. Noticing the 
idea on the patent is most valuable. The papers [30, 8] present practical instances on MOT (Management of 
Technology) finding ideas of industrial patents. The several instances are on the following structures : a) a 
violin, b) an engine, c) a rotary engine, d) weakening sea waves by embankment, e) wind blowing across a 
flying airplane. Almost the instances are for spreading fluid, e.g., gas, liquid, and sound waves.
　　The explanations [30, 8] are as the followings. a) Modifying the structure of a violin is both making 
the trumpet style for each back of the holes and mixing the glue with the powder of the same tree. (By the 
glue, the two boards of the same tree are attached.) b) The reformed engine has spirally holed structure 
through which gas blows. On the drawing, the upper hole passes the lower hole. At the perforating point, 
the upper hole is under the lower hole. Moreover electronic guns and sound waves are effective. c) When 
the lid of the rotary engine is pressed, the cross section of vertical plane has notches on each of both sides. 
The sides mesh with each other. d) The waves rised by the spherical shape of a ship strike waves from the 
sea. The strikings weaken the next coming waves. The same effect happens about the embankment because 
the cross section has the same side view of a ship. e) If the form of the flying wing of an airplane is an arc 
instead of a straight line, then the oscillation of the airplane becomes weaker because of wind blowing 
across the flying airplane. The center of the arc is in the backward of the body of an airplane.

5.4 Applications for simple patents on encryption

The papers [30, 8] propose multiple encryptions and encrypted redundant letters of an OS command. In 
the study on multiple encryptions, the data of information transformed to numerical values are repeatedly 
encrypted. That is, using multiple key pairs, the numerical values are encrypted by each of the multiple 
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public keys, and are decrypted by each of the multiple private keys according to the reverse order. Also, the 
letters of a command used in an application software are encrypted, adding some redundant letters, e.g., the 
number expressing the date and time.
　　In the RSA encryption by a pair of public and private keys, the number n is made by the product of 
very large two prime numbers p and q, i.e., by the equation n = p×q. After divided by the number n, the 
remainder 0 ~ (n-1) is encrypted. (Now decimal number (n-1)10 is expressed as binary number ((n-1)10)2.) 
The number (n-1)10 is even, and is expressed as the following binary number ((n-1)10)2 : the most digit is 
unity(,i.e.,1), and all of the other bits never become unity. (If all the bits becomes unity, then the number 
is odd.) From the least digit, the binary number ((n-1)10)2 is marked by a block of 8 bits (or 16 bits in the 
2-byte language), that is, ((n-1)10)2 is divided block by block. The block means a character. The number of 
the blocks is expressed as integer m. If the remaining contains the most digit, and is 1~7 bits (or 1~15 bits), 
then the remaining bits are neglected and becomes no block. Otherwise, (i.e., the remaining is nothing, 
i.e., zero bit,) (always) let m ← m-1 by decreasing by one. This is the reason why the number expressed as 
(11…1)2 (, i.e., each bit of which is unity) is greater than (n-1)10, and hence the number (11…1)2 cannot be 
encrypted. (The number of bits of (11…1)2 is the same number of bits that ((n-1)10)2 has.) The sequence of 
bits of characters in sentences to be encrypted are divided by m blocks, i.e., by 8m (or 16m) bits. All of the 
m blocks are encrypted by the public key. By encrypting m blocks at a time, the number of the blocks may 
become one more than m blocks. However, by decrypting of the private key, the number of blocks returns 
to the same number m again. For the prime numbers p and q, it is impossible to increase the number of the 
blocks to be encrypted at one time, i.e., impossible to encrypt (m+1) blocks simultaneously.

5.5 Mask letter (Masked character)

Let’s consider RSA encryption by public and private keys [30]. For example, the key numbers to be used 
are as follows.
　　　Public key:  : (n,e) = (33,3)
　　　Private key (Secret key)  : (p,q,d) = (3,11,7)
By the factorization into prime factors, the opened number n becomes numbers p and q. That is to say, the 
following equation is satisfied.

In a practical utility, the opened number n is too large to be factorized. Let alphabet letters A to Z be the 
numbers 1 to 26. The letters T, H, and E are corresponding to 20, 8, and 5, respectively.
　　The numerical expression for encryption is as the following:

where the letter to be encrypted is transformed into the number a. (a^e is a to the e-th power.) This equation 
means that the number obtained by the e-th power of a is divided by integer n, and then the remainder is 
the number b. The number b is sent by the Internet. The received number b is decrypted by
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The decrypted number becomes the beginning number a again. Hence, the above expressions can be used 
for encryption and decryption.
　　For instance, let the letter A be number 16, then the encrypted number becomes
　　　163 mod33 = 4096 mod33 = 4096－33×124 = 4.
The number 4 is sent by the Internet. The received number 4 is decrypted by
　　　47 mod33 = 16384 mod33 = 16384－33×496 = 16.
The same number 16 is obtained.
　　Generally speaking, in multiple encryptions, the k-th encryption of sequential letters a by open keys (nk 

ek) is as follows.

Reversely, the k-th decryption by secret key dk is below.

(The final letters b0 is equal to a.) The total number of combinations by alphabet letters etc. is the 
following.

where

6. Conclusion

The Mathematical Programming System (MPS) has been developed for solving large-scale problems. 
When not applying the MPS, it is necessary to develop a specific software for mathematical planning.
　　My studies present sparse and large-scale data structure for management software system on 
mathematical planning. A lot of studies previously researched are discussed from the various points of 
view, which mean information systems, software engineering, artificial intelligence, and knowledge 
information systems.
　　The studies propose three kinds of sparse data structures, that is, a matrix with rows and columns, the 
spread sheets, and search trees. All of the three data structures treat sparse and large-scale in search and/or 
its data stored.
　　a) The first structure [10-12, 33] is used for the constrained load (power) flow of practical electric 
power systems. This is an optimization problem which obtains a feasible solution with considering priority 
orders. The problem becomes large-scale in applying to real cases.
　　b) The second [14, 16] exploits display expression of too large-scale spread sheet with sparse data 
structure to show the whole sheet on a single screen. The display expression of a computer only shows 
cells with data after automatically dropping other cells of no data.
　　c) The third [15-19] is for desirable constraint satisfaction in the field of artificial intelligence. The 
constraint satisfaction means large-scale assignment problems with priority orders. The solution technique 
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is to search state space by using several search trees.
　　Recently, manufacturing companies and the third parties tend to introduce automatic allocating trucks. 
In practical instances, the number of customers and consumers are a few tens or more. In order to treat 
the transport and distribution as combinatorial optimization problems, technical algorithms are researched 
and their software are constructed. To solve large-scale problems, the mathematical programming system 
MPS has been developed. Furthermore, there are special advance and progress of computer hardware and 
software. Therefore, the MPS is applicable to practical problems using the modelling and formulation 
proposed in this study.
　　However, if it is impossible to solve the TSP and facility location problems within a few minutes, the 
computer execution is stopped by the specified time. The result obtained by the execution can be applied 
to the transportation and distribution planning. This is because the resulting solution is the “best” solution 
among the obtained integer feasible solutions although it is not an optimal solution.
　　Numerical simulation in Ref. [33] is performed by fortran 90 [46]. In the software in Ref. [33], the 
subroutines developed by J. K. Reid [47] are utilized for calculating inverse matrices. The books in Refs. 
[48-53] are useful and interesting.
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